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PREFACE. 


Tbe following pages contain Solutioni of the Exercises giten in 
the ** Elements of Plane Geometry” in Chambers's Educational 
Course — forming what is usually termed a Ext to that Tolume. 
Such a Key will be of utility to those privately prosecuting the 
study of Geometry ; and when consnlted only alter the Student has 
made every effort from his own knowledge to solve an Exercise, it 
will be found to supply in some measure the oflEke of an Instructor. 
It will likewise be of advantage to those Teachers whose school- 
room duties are so varied and miscellaneous as to prevent them 
from bestowing that time and study which Mathematical Solutioni 
in general require. Nor will the volume be without its use to every 
class of Geometrical Scholars, as it may be read as a sequel to the 
ordinary course of study contained in the Elementa of Euclid. 

Several of the Exorcises given are original j and in tbe SoloSoos 
of aB, the Author has endeavoured to be as plain and explicit as 
posttble — adopting methods more simple and concise than are to 
be Ibund in most ooliections of a similar nature. 




KEY TO PLANE GEOMETRY. 


FIRST-^ BOOK. 

EXEBC18* 1. THEOREM. 

A LINE tliat bbectf th« rertical angle of an isosceles tri- 
angle^ also bisects the base perpendicularly. 

Let ABO be an isosceles triangle, of which the ver- 
tical angle ACB is bisected by the line CD, O 

then a 6 is bisected in D, and CD is per- 
pendicular to AB. 

For ACrrCB (I. Def. 26), and CD is 
common to the two triangles ACD, BCD ; 
therefore the two sides AC, CD» are e^oal 
to BC, CD, respectively, and the contained abb 
aisles ACD, BCD, are eqnsd (by hypothesis) ; hence the 
triangles are ereryway eqnal ( 1 . 4 ), and consequently AD 
= DB, and angle ADC = BDC ; hut these are adjacent 
angles ; hence Uiey are right, and CD k perpendicular to 

ABa 



EXKBCtBM II. — ^PBOBLEM. 

In a given straight line, to find a point equally distant 
firom two given points. 

Let AB he the given fin^ and 
the gtvesi points, to find a pomt, as C in 
A^ that shall W equidtstat firom the 
points F and Q. 

Join F and Q, bisect PQ m D, and X~ 
draw CD perpendicidar to 1^ and produce it to cot AB 
in C ; and then C is the required point 
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KEY TO ELAWE GEOMETRY. 


For in the two triangles CDP, CDQ, PD = DQ, and 
CD is common, and the angles CDP, CDQ, are equal, being 
right; consMuentljT (L 4) the triangles are everyway equal, 
and CP rs CJQ ; whercfbne C is the required point 

It Is evident, when the given points are on opposite sides 
of the given line, or when one of the points is in the given 
line, that the same construction and proof will apply as in 
the above case, when the points are on one side of the 
line. 

When the two points are so situated that the line joining 
them is per|>€ndicular to the given line, the problem is im- 
possible, unless they happen to be equidistant from the 
line; for the line bisecting perpendicul^ly the line joining 
them, would be ^>arallcl to the given line, and would there- 
fore never meet it 


EXERCISE III. — THEOREM. 

If a line W bisected perpendicularly by another line, every 
point in the latter is ’equally distant from the extremiti^ 
of the former ; and any point not situated in the latter is at 
unequal distances fh>m the extremities of the former. 

Let KF be bisected perpendicularly by PL, then any point 
G in PL is equidistant from £ and F; and 
a point K, not situated in PL, is at unequal 
distances finm £ and F. 

For join GE, and GF; then, l>ecause 
El = IF (by hy^thesis), and IG is com- 
mon to the two tnanglef ^G, FIG, and the 
angles at I are eaual, being rmbt ; therefore 
(I, 4) the triangles arc equal in eveiy re- 
spect, and therefore EG = GF ; also angle 
OEI = GFL 

Again, because angle QEI = GFl, thereibce KFI, wKm^ 
exceeds GFI, is g reater than GEI, and consequently 
(I. 10) thg side iUB it greater than KF; or K is un- 
equally dii^t from £ anc IP. 
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It may also be proved, by means of I. 20, that KE is 
greater than KF. 


SXBRC18K IV. — THSOBSK. 


If amy Kne be drawn tbrougb the middle pomt of the 
line joining two given points, any two points in Ine former 
line that are equidistant from the middle point, are also 
equidistant from the two given points. 


Let MN be the given points, 0 the middle of MN, 
and XY any line through O ; also 
let OX =: OY, then will MX == 

NY. 

For in the triangles OMX, ONY, x 
the sides OX, OM, in ^ one, are 
respectively equal to OY, ON, in 
the other, and the vertical angles at 
O are equal 15); consequently 
(I. 4) tne triangles are everyway equal, and therefore 
M 



It b evident that, in whatever direction the line XY is 
drawn, provided it passes through the point 0, the same 
reasoning will apply. This exercbe may he considered to 
be a theoretical porism (see Porism, p. 208, Plane Oeo- 
metry). 


SXBBCnS V. — THBORBlf. 

Of all the lines that can be drawn from a given point to 
a dven line, the perp^dicular upon it b the least ; wad of 
all others, wl^ch b nearer to the perpendionlar b less 
than one more remote ; and oofy two eoual lines can be 
drawn to It firom that point, me upon each side of the per- 
pendieiilar. 

l^et KL be aj^en line, and 0 a given point, OM a per- 
pendicular on SXi, aAON, 01^, any other lines ; then OM 
m Ae leaii^ wnd ON b than Or ; abo only two equal 

lines, ON, be firom 0 to KL, one on each . 

side of the perpendicular (SSk 
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XBT to tLXSZ OEOMETRT. 



For in tiiaf^ OMN^ Ibe angle at M u right, and come- 
qaaiitljr (L 3^ Cor.) the aode at 
K ie lees than a right an^e ; hence 
(1. 19) ON it greater than OM. In 
the tame manner it it prored that 
OP or OQ it greater than OM. 
j Again, angle ONP, being an ex- 
ande of the triangle OMN, is 

greater £an the interior angles OMN ; that ts, ONP is ob- 
tuse: but In triangle OMi% right-angled at M, the angle 
OPM must be acute (I. 32^ Oor.) ; oonsequentlj angle 
ONP it greater than OPM, hence (I. 19) OP it greater 
than ON. 

Lastly, make MQ = MN, and Join OQ; then^ in the 
triangles OMN, OMQ, the tide MN =r: MQ^ and OM it 
common to them, and the angles at M are equal, being 
right ; hence the triangles are erery way equal, and there- 
fore ON = OQ. And no other line bat ON can be drawn 
equal to OQ; for, if possible, let OP be the lift^; then, since 
ON and OP are at unequal distances from the perpendi- 
cular OM, they are unequal; but ON = OQ ; therefore OP 
cannot be equm to OQ. i > • 


EXERCISE VI. — THEOREM. 

fhe difference between two tides of a triangle ia kts 
than the third side. 


Ijet ABC he a triangle; then the difference between any 
two of its ri<ie.s, as AB and AO, is less than the third 
side BC. 

For of the two tides A& AO, let AB be the greater, and 
froai it cut off a part, Ax>=r AO the C 

teat, then (I. SID) AC and CB are 
greater than AB or AD and DB ; and 
ut ffom these uneqaalt the equals AO ^ 
and AD he taken away, the remainder A D B 

OB will stiff he greater than the reidainder DB. 



When Aie sides AJ^ AO, happen to he equal, their 
difference is nothing, and the proposithm b erident; it b 
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alAO e^eot the third ^side BC k equal to the greater 
tide AB. 


IXgBggg TXI.'-^THXOKBII. 

The per^dtcukrs drawn froa two giren points to anjr 
line that msects the line joining the points, are equal 

Let MN be the giren points (fig. to Ex. 4), 0 the middle 
of MN, XY any Itne throtigh O, and MR, N8, perpendi- 
culars on XY from M and N, then MR = NS. 

For in the triangles OMR, ONS, the rertical angles at 
0 are equal 15) ; the right angles at R, 8, are eqo^ ; and 
the stdee CM, ON, are also equal ; hence 26) the two 
triangles are equal in every respect, and tnerefore MR = 

It is evident that if the line XY passes through the point 
O in any other direcdon, that the same proof i 

XXEBdtS YIIL — THlORXlf* 


Every point in the line that bisects a glean angle is equi- 
distant from the sides of the angle. 



axKBcm fx. — xRBoxBir. 

If the atesate axtxemidea af two aqnsl a»d parallel 
itnea be joiiied, the eonnecthig liaea hiaoet cadi aihen 

Let MN, KL, be two equal and pataOd lines; then ML 
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KET TO PLAICE OBOMETBIT. 


nnd KN, joining tbeir alternate extremities, bisect each 
other in 0- 


For in the two triangles MON, KOL, the vertical angles 
at 0 are oonal (L 16), the alternate angles M n 
at M and L are equal, and the sides KL, 

MN, tut also equal ; therefore (I. 26) the 

trianglei are eoual in every reapect, and 

ooniequently OK = ON, and OL = OM ; ^ 
that if, ML and KN are bisected in 0. 



EXBRCISB X. — THEOBBM. 


If the Tcrtictil angle of an isosceles triangle be a right 
angle, each of the angles at the base is half a right angle. 


Let PQR l>e an isosceles triangle, havii^ its rertical 
angle B right; then each of the angles P and Q, at the base, 
is half a right angle. 


For the three angles P, Q, R, of triangle PQR, are to- 

I -I*...!.:-!- « 


r lier equal to two right angles, of which 
It right ; therefore the sum of P and 
Q is equal to a right angle ; and since 
they are also equal (L 5), therefore 
each of them must be half a right 
angle. 



IXIRCISE XX. — THEOREM. 

If a side of an isosceles triangle be produced beyond the 
vertex, the exterior angle is double of either of the angles 
at the base. 

Let (fig. to £x« 10) be an isosceles triangle, and 
let the side PR be prodaced beyond the vertex to B, then 
the exterior angle QBS is double ^ esthir of tlm tturles 
PorQ. ^ 

IVir (L S2} the exterior an^ QR8 is equal to the two 
interior opposite angles P and Q tc^ether ; hot these angles 
bsixig eqw (L fiX is double of either of them ; 

consc^eiil^ the exteito angle QR8 is double cd angle 
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1 BXMBC18SXU, — THJTOBJBK. 


If the exterior angle, and me of the opposite interior 
angles, in one triangle, be req^tivelj double those of 
another, the remaining opposite interior angle of the former 
is double that of the ikter. 


Let ABO and DEF be two triangles, of which the ex- 
terior angle CBO of the former is double the exterior 
angle FElI of the latter, and the interior angle A of the 
former double the interior angle D of the latter, then shall 
angle C of the former be double of F in the latter. 

For angle CBG = angles A and C together, also angle 
FEH = angles D and F c 
together; but angle CBG 
= twice FEH by hypo- 
thesis; consequently angles 

A and 0 together must =r a bod E h 
twice angle D and twice angle F ; but angle A is double 
of D by hypothesis ; and taking away these equals fkwn 
the preceding equal quantities, there remains angle C 
double of F. 




Or more concisely thus : 

ai»g!e CBG = A 4- C, angle FEH = D -h F ; 
but CBG = twice FEH by hypothesis ; 

hence A + C = twice D and twicw F ; 
hni by hypothesis A =r twice D ; and takine away these 
equals from the precedbg, there remains angle C sz twice 
angle F. 


EXUICISJE Xin.1— FBOBUJf. 

Ilamigh a gimi point to draw a line such that the seg- 
meat of it intercepted between two giren paralleli may be 
equal to a gifcn hue. 

Let F be the point, and AB, CD, the paianids, andLthe 
gtren line, to tow through P a line r AC, so that AC 
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KBY TO 9LAJ(S OBOBCBTRr. 


Take any point B in one of the psrallelM, and from It as 
a centre, wim L as a tadmi^ cat CD 
in D ; draw BD, and through P dmw 
FO pan^ to BD» and PO hi the le^ 
qnired line. 

For AB, CD, are giren parallel, and , 

PC b parallel to BD ; henoe the flgnre ^ 

AD h a parailelogram, and consequently ude AC b 
rr BD (L 34). 


/ 


KtJlltCIim Xiv.^ — FBOBLiU. 

Through a oiren point to draw a line that shall be 
equally indined to two giren linos. 

Let AB, AC, be two gben lines, and P a giren point, it 
is required to draw from P a line PC, making equal angles 
with AB and AC. 

Produce CA to F, and bisect the angle BAF W the 
line AO, and from P draw PC 
pitilld to AG, and it is the 
reqiired lino. 

For since AG and PC are 
parallel, therefore (L 129) the 
exterior angle FAG bss ACP, 
the interior and oppodte ; and GAB b «s ABC, as they 
ore alternate a^lea; but FAG =r GAB by constmqtton, 
consequently ACP = ABC. 

When the point Ibe between the giren lines, or b nto- 
ated in one of them, it b erident that the same method of 
solution iqipliai. 



xxmcisx XT. — ^TBBoafin. 

If two intmeolsiig lines be seape^rely pardlel, or 
equally inclined, to otW two uite»eetia| linet, the ind^ 
nation of the fomer b equal to that of the latter. 

Cams l^Whcn two of tlie btenectb^ Knea am reapec*^ 
tiroly paraBd to the other two lines. 
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tM AC, AB, be two intenecdog linee respectively 
naraO^ to DF, D£ ; then an^e A is 
=:D. 

For prodmee AB, DP, if na ee m ry, 
to meet in G; tl^n tbe alternate 
imglef A end AGD are eanal (L 29% 
be^nse AO ti parollel to UF: and the 
alternate a^lea D and AGD are also eqtial, since AB is 
parallel to DE ; consequently angles A and D being each 
== AGD, are equal. 

Case 2. — Let the two inteneeting lines AC, AG, be 
respectively inclined to the two PE, 


FF, at the tame angle; then angle 
A=FPE. 

For produce FP, EP, if necessary 
to meet the other two lines in C and 
B ; then, since the indinations of FP, 

EP, to AB, AC, respectively, are 
equal, therefore angle ACG = GBP ; 
but the vertical angles AGO, PGB, 
at G, are also eqi^; consequently 
the third angles of the triannes AGO, PGB, are equal ; 
that is, angle A = BPG (L ^ Cor. 3) = FPE (1. 16). 

SXBBCISS XVl^ 

The sum of two sides of a triangle is peater than twice 
the line jotnlag the vertex and the middm of the base. 

Let ABO be a triangle, and CO the line Joining the 
vertex and middle of the b<Me;.th^ AC and CB togeihar 
aremater than twice CO* / 

l^r produce CO to D, till OD =: OC, and join DB ; 
then the sides AO, OC, prt equal to BO, 

OD, respectively, in tim two 
AOC, BOD, SM the contained angles at 
O are eqiud ; hence (L 4) the tnai^let 
are everyway eq^ and therefore AC 
= DB. But Db and BC together are 
greater than CD (L 20); cxmaequently 
AO and BC are a^ greater Burn CO or 
twice CO. 
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KBY TO JPLANB GEOBIKTRY. 


EXBBCWE XVU. — PBOBLEM. 

Giren the turn or dififerenoe of tbe hypotenw and « 
fide of a right-angled triangle* and alio the remaining side, 
to construct it 

Let BO he a side of the right annle of a right-angled 
triangle, and AB the sum of the hypotenuse and the 
other side, to construct the triangle. 

Let AB, BC, l>e placed so that BC is perpendicular to 
AB; join AC, ana bisect AC perpendicularly by DE; 
join EC, and EBO is the required triangle. 

For in the triangles ADE, CDE, the sides AD, DE, are 
respectirely equal to CD, C 

Dl^ and me angles con- 
tained by these sides are 
right; therefore (L 4) 
the triangles arc every* 
way equal, and henc«! A E B 

CE = AE; therefore BE and EC together are equal to 
BA, the given sum, and BC is the given side ; therefore 
CBE is the required triangle. 

Again, let BC he the given side, and AB the given 
difference, to construct the triangle. 

Let BC he placed perpendicularly to AB, and join AC ; 
bisect AC perpendicularly by DE, and C 

join CE; tlicn EBC is the required 
triangle. 

For, ns in the preceding figure, the 
triangles ADE, CDE, are everyway 
equa^ and therefore CE = CA ; con- 
sequently the difference between CE and EB is equal to 
that between EA and EB ; that js, it is AB. Hence AB 
if the difference between the h 3 rpotenase KC and the ride 
EB, and BC is the given side ; therefore EBC is the re- 
quii^ triangle. 

IXtBCISE XYIII. — ^PBOBLEM. 

Through a given pointy betwewa two given lines, to 
draw m uiie so that the part of it inter^pted between 
them may he hisected in that point 
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Xet AI), AC, be the giren lm«i, and P the giTcn point. 

Through P draw PB parallel 
to AD, make BC == AB ; join 
CP, and produce CP to D, and 
it is the required line. 

For draw P£ parallel to AC ; 
then BE is a parallelogram (1. 

Def. 42), as its opposite sides are ' 
parallel ; hence PE = AB (I. 34), and AB =i BC by con- 
struction ; therefore PE = BC ; also angle EPD == B(i* 
(I. 29) and CBP = BPE, being alternate angles, also BPE 
=: FED for a similar reason ; therefore CBP = PEI>. 
Consequently the two triangles BCP, EPD,, hare two 
angles and a side in the one equal to two angles and a 
corresponding side in the other ; they are therefore erery- 
way equal, and hence GP = PD ; and consequently CD is 
the required line. 



EXERCISE XIX. — THEOREM. 


If from any point in the base of an isosceles triangle 
perpendiculars ^ drawn to the sides, their sum will be 
equal to the perpendicular from either extremity of the 
base upon the opposite side. 


Let ABC be an isosceles triangle, P any point in its 
base, PD, PE, perpendiculars on its sides from P, and AE 
perpendicular to llC ; then PD and PE together, are 
eqiw to AF. 

Fiw mwlace EP, and draw AG perpendicular to it; 
then Au and F£ are parallel, because 
the interior angles G and F£G are toge- 
llier eqmd to two right angles 29) ; 
for a similar VHiion AF and uE are 
parallel ; consequently AGEF is a rect- 
angle, and G£ s= AF. Amn, the al- 
ternate angles GAP and B are equal, 
and B = DAP (1.6); hence GAP 
DAP, and the an(^es at G and D of 
dm triangles APG, APD, are right, and the AF is 
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lUET TO rtAIlE OBOHETRY. 


oommofi ; he&oe the triangles are equal (I. 26), and there- 
fore PD s: PG ; and DP» PE, are tog^er equal lo GP, 
PEj together; that is, DP + PE = GE = AF. 

SXBBCiaS ZX.^ — THRORBlf* 

If two lines bisect tlie angles at the base of a triangle, 
the line joining their mint of intersection and the vertex 
bisects the vertical angle. 

Let the angi^ CAB, CBA, of the triangle ABC, be 
bisected by the lines AO, BO; then OC will bisect the ver- 
tical angle ACB. 

For drdw OD, OE, OF, perpendicular to the three 
sides ; then in the triangles AuD, AOE, the angles at A 
are equal by construction; the angles at D and £ are right, 
and the ttde AO is common to both ; consequently the 
triangles are equal 26), and OD = OE. In the same 
manner It is proved that OF = OE ; hence OD = OF. 
Again, in the two triangles COD, COF, 
the two sides CO, OD, in one, are re- 
•peettveh equal to CO, OF, in the other; 
the angles at D and F are right, and 
h«ioe the angles at C are of me same 
species (Def. Id and 32, Cor. 4) ; conse- 
quently (I. C.) the tnanjg^es are cveir- A E b 
way eq^ and therefore angle DCO = FCO ; that is, 
the vertical angle C is bisected. 

IZXRCISI XXI. — TBKORXU. 

The sum of the nerf^dieuiars drawn firom any point 
within an equilatmi triangle on the three sides, is equal 
to the perpendicular firom any of the angi^ points upon 
the i^postte side. 

Lei ABC be an equilateral triangle ; the perpasdiculars 
OD, OE, OF, iqpoa the aides fitnn any point O within it, 
artf equal to ifit perpendiculsr CQ. 

Tmwiifii 0 draw K penllel to APL and draw IL per- 
pendicular to BO* Then OF and PG bdng perpendicular 
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to AB^ are pioalle] ; also IK is otorallel 
to AB; hence OG it a pamUetopam, 
and therefore OF = PG. Agai% m the 
uiaaDgles OIL, CIP, angle ICIi fK C1P« ^ 
for CIP = A (I. 20) ; also Hie ri^t V 
ai^e ILC = CPI, ^ CPI =: PGF (I. [_ 


ande ILC = CPI, for CPI =: PGF (1. i [£ \ 

20;; also the side 10 is cocnroon to me 
two triangles ; they are therefore (I. 26) everyway equal, 
and consequently iL = CP. But since IK is paraHd to 
AB, angle IKC = B, and B = A (L 5, Cor.), and it was 
already shown that CIP = A ; hence CKI =r CIP, and 
CIK IS an isosceles triangle, and alto equilateral ; whenct' 
(Ex. 19) CD + OE = IL = CP ; and adding OF = 
TO to both these equals, OD + OE + OF = CP + PG 

=ca 


EXBKClfiX XXII« — TBBOBEU. 

Half the base of a triangle is greater than, equal to, or 
less than, the line joining the middle of the ha^ and the 
vertex, according as the vertical angle is obtuse, right, or 
acute. 

I. I.et ACB be a right>ai^^^ triimle, having ACB for 
its right angle ; then, if M is the micMle of the base, MC 
=r AM OT BM. 

For if not, let MC be greater than AM; then angle 
CAM is greater tlian ACM (1. 18), for the same reason 
MBC is greater than MCB ; consequently the two angles 
CAM ana CBM, are together greater than the right angle 
ACB, and therkbre the three angles A, B, C, of the 
tiianirle ABC, are together greats’ man two right angles. 


triangle ABC, are together gretUar than two right angles, 
which is impossible (I. 32). Therefore MC cannot be 
greater than AX or MB. 

Again, if MC be supposed less than AH or KB, it 
could be similarly proved that the three ati^es of the 
triangle ABC are km than two night allies, which is 
impcmhle; therefore MC is not less thin AM or MB; 
and it was proved above that it is not greater; hence CM 
ssAMrrBM. 
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2. Let AEBy the Yertical a&de of the tnangle ABE, be 
acute, and M the middle of the base; 
then ME is greater than ABL 

For at some point C, in the line ME, 
below B, the an^e AEB, formed by 
lines drawn to A or B, will be a r^t 
angle (I. 21 ), and by the hiit case AM 
ssMC; hence AM is less than ME. a m » 

3. Let ADB, the rertical angle of the triangle ABD, be 
obtnse, and Ml) the line joining the rertex and middle of 
the boM ; then AM is greater t^n MD. 

For at some point C, in MD produced, the angle ACB, 
formed by lines drawn to A and B from 0, will be a r^t 
angle (1. 21 and 32) ; and by the first case, AM =r llu ; 
consequendy AM is greater than DM. 

The second and third cases could be prored indirectly 
like, the first Thus, if in the second, ABI be supposed = 
ME, it would follow that angle AEB would be equal to 
the two angles EAB, EBA, and therefore that it would be 
a fight angle, being half the sum of the three angles (1. 32), 
which is contrary to the hypothesis of its l^ing acute. 
And if AM were" supposed to be greater than BIE, it 
would follow that angle AEB would exceed the two angles 
EAB and EBA, and therefore (I. 32) that it would be ob- 
tuse, which is also contrary to hypothesis. Hence if AM 
is neither = ME, nor greater than ME, it must be less. 

In exactly the some manner it can be proTed, when 
angle ADB is obtuse, that AM is neither := MD, nor less 
tlM MD ; and consequently it must be greater than MD. 

xxxBciss xxni. — TmoRxu. 

If two lines Insect pernendkulariy two shies of a triangle, 
the peipendiculiHr from tneir point intenection upon the 
base wul bisect it 

Let ABO be a trts«i|^ two of whose sides AC, BC, are 
biseeted pe«|Mmd]cu]am by the lisas DO, FO, meeting in 
O; then 0 % bmg drawn perpesdicuiiiriy to AH, wili 
bisect it is E 
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In ths two tckiig^ AOD) COD, the sid^ AD| DO» 
m equal, and CD is comoieii to the 
two triangles ADO, CDO; also the 
contained angles ADO,CD()^ a«a tight; 
ooDseqnentij (1. 4) the triai^es are 
equal in creiy respect, and hence AO ^ 
s 00. Comparing the two triangles abb 
BOF, COF, it can in the same way be proved that the 
side BO = OC. But it was proved above that AO = OC ; 
consequently AO z=: OB. Again, in the triangles A£0, 
BEO, the side AO = OB ; therefore angle OAE = OBE, 
and the angles at E, are right ; wherefore (I, 26) the tri- 
angles are everyway equal, and therefore AE =: EJB. 

If the wint O of intersection of OD, OF, should fall 
below the oase AB, the proof would be exactly similar. 


BXSRCI8I XXIV. — THSOHSU. 

The angle contained by a line drawn from the vertex of 
a triangle perpendicular to the base, and another bisectiiig 
the vertical angle, is equal to halt the didmncs of tite 
angles at the bm. 

Let the line CD bisect the vertical angle C of the tri* 
angle ABC, and let CE be perpendicular to its base, then 
angle DC£ is = half the difference of angles B and A ; or 
if Uie side AC be greater than BC, and consequently angle 
, B greater than A, then twice DCE = B — A. 

La the triangle ACE, having angle 
£ tig^t, it follows (I. 32, Cor.) Uiat the 
oblique angles A and ACE together are 
equal to one right angle ; for a similar 
reason angles B and BCE, sn triangle 
BEO, are together equal to a right 
angle ; consequently A 4* ACE rr B + BCE 
To these equm quantities, add the angle DCE, 
then A-f-ACE-f DCE=rB-f BCE + DCE 
But ACErrACD-fDCEaiidBCE-flXlErrBCD, 
hence A-f* ACD-f* twice DCE ssB^h BOD. 

From these equals take away the equal angles ACD and 
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BCDf and ilim mnaiai 

A + twice DCE 5 = B ; 

ih$A ii» B cxaeede A hj twice DCE; or, in other worfij 
DCE it equal to half the difoenee between A and B* 


KXIRCItK XXV. — ^PBOatlM. 


To find a pomt in a giTen Hue tudi, that fines drawn 
from it to two given points will make equal ao|^es wiAl 
the given line« 

Let PQ he the giren notuts, and AB the gven line, 
to find a point as D in AB, so, that angles PCA, QCB, 
may he equal. 

Draw QB perpendicnW to AB and produce it, making 
BDsasBQ; join PD, and PD will t 
cut AB In the requited point C. 

Join CQ; then in the triangles 
BCQ, BCD, the tide BD =: BQ, and 
BO is common to the two triangles, 
and the contained angles CBQ, CBD, 
are right; hence (I. 4) the triangles 
are eveiwway equal, and thereibre angle 
BCQ = BCD. But BCD = PCA (X. 15) ; 

BCQ =: PCA, and C is the required pcunt. 



If AB were Uie lace of a |»iaxie mirror, and it were re- 
quired to find the direction in which a mr of l%ht must 
pass through the point Q, in order that, met reunion, k 
m^ht pass through P, QC would he that direetton ; t^ 
iS| 0 would he the point of inddence. Were QCP in a 
horixontal plane, and it were required to find the point at 
whidi a perfiectly elastic hdl proceeding from Q must im- 
pinge on a straight ohstade AB, to be refiected to a point 
r, the same construction is to he used ; that it, C is 4ie 
point Were the ray or the haU to be nsl^cted at two 
phuies before reaching P, the determinatkti of the two 
points of inddeace is efifected in a nearly dmilar way. 


xxxacnai xxvi. — pkobluc. 

Qiven mm of dm sides of a triangle, and the ani^si 
at the hiMfti to oonstruet It 
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Let AB be tbe sum of the side«| end angke M and N 
the ^T6ii angles. 

At A and B make afigles A and B respecdTely equal to 
the bahes of the giten an|^ 

M, and at 0^ where the Imea 
AOf B(\ ineett draw CD, mak- 
ing angle AOD sz A, and C£, 
iiiudnj[ angle £CB r= B ; then 
CD£ is the required triangle. 

Fof angle A =r ACD, and 
CD£ SI A and ACD together ; therefore ODE as twice A ; 
but A was made equal to of one of the gtircii angles ; 
hence CDEssoae of the g'ren a^ea, namalT, M; Ibr 
exaotfy a similar reason C£D =s twice B ss anodber of the 
f^ven angles, namely, N ; thardBoce the au^ea ODE and 
CED are reiqieetirely eaual to the given angles M and N. 
Again, the side CD s= aD, because the opposite angles are 
eq^ ; for a similar reason CE ss £B ; consequendy CD, 
DE, and £C, are equal to the whole hue AB, which is the 
given perimeter of tne triangle. 



BXBBCtSI xxva^THSOiimf. 

If two lines be drawn from the extremities of the base of 
a triangle to bisect the opponte sides, the line minmg their 
intersection trith the vertex, if produced, wtU bisect the 

base. 

Let die Ihies AE, BD, bisect tbe sides BC, AC, of the 
triaiMde ABC ; join CO, and 00 produced will bisect tbe 
base AB in F. 

Since BC is bisected in £, the tnangles ABE, AEO# are 
equal (1. 381 as they have the same o 

vertex A; th«refore triangb ABE is y/\ 
half ef the gtsmi triangle ABC ; for a pX 
similar reason triangle ABD is half of 
the same; then^m trian^ ABE = 

ABD; and if htHatheee equals the oom- a F n 

mon part AOB be taken awav, the remahitaf triangles 
AOD, BOE, must he equal Again, siaoe AOli baie^ed 
in D, trian^ ADD =: COD (u 2B\ mnee diey have a 
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IS 

common verlex 0» and hence triangle AOC if double of 
AOD ; and for a similar reason triangle COB is double of 
BOE; hut AOBsiBOE^ as was a&eady prored ; hcaae 
their doubles are ^oal; that is, triangle AOO s: COB ; and 
since these two triangles are on the same base OC, and are 
i^ual, th^ must hare the tame altitude (L 37f and A, 8 c1uh ^ 
Hum 1) ; that is (Def. 47), the nerpendiculars from A and " 
B on CO, or €0 placed, mutt W equsJ, and consequently 
the trian^es AOF, BOF, have the same altitude, cemsider* 
ing OF as their base; and being also on tbe same base OF, 
they are therefore equal (L 37, and A, Scholium 1). Con- 
sidering now AF, FB, to be the bases of the triandes AOF, 
BOF, uiey have the same altitude ; as they have O for thrir 
common vertex, and as they have been proved equal, they 
must therefore (I. A) stand on equal bases ; consequently 
AF = FB; that is, the line COF bisects the base. 

sxsiiciix xxvin. — tbsoreu. 

If two polygons be constructed on the same side of the 
same base, the sum of the sides of the interior ^ygon, if 
it be concave internally, is lees than the sum of tne sides of 
the exterior figure. 

Let ACDB, AEFB, be two poly^^s, of which tlie 
fonner is internally concave; then its perimeter is less 
than that of the latter. 

For produce AC to G, and CD to K, and join C, F. 
Ihen (i. 20} AE 4- EG is greater than 
AG ; and adding QF-f FB to both, AE4- 
EFf FB is greater than AG4<GF+FB. 

A|mm, OG+GF is greater th^ CF ; and 
ming 4>0 with FB to both, AG-}*GF4- 
FBti greater than AC-bCFH-Fa Ako, 

GF + FK is greater than CK; and addisf AC with KB to 
Imfo, AC^-Cb^FBkgnnterthan AC+^^ So, 

DK + KB is greater thw DB ; and addling AC -f CD to 
both, AC + CK + KB Ii greater than AC + CD 4 .DB. 
Henoe it hat been proved that AE + £F -f FB is greater 
than AG + ^^ + H^ ^nd this has been proved to ho 
greater th a n AC 4* DF 4* FB, which again was Aiown to 
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be greats tbaii AC -f CK 4* KB, and this was proved to 
be greater than AC + CD + DB; consequently the first 
quantity, AE + EF + FB, must he still greater than the 
kst^AC + CD + Da 

Or mm concisely* thus, obaerving that the sign 
means jyeater; by (L 21) 

AE 4* EG AO, whidi expression denote by (I) ; 

CG4*GF::?^CF, (2); 

CF-f FK::p-CK, (3); 

andDK+KB:::^DB, (4). 

To both sides of (1) add GF4“ EB; to those of (2) add 
AC 4* FB ; to those of (3) add AC + KB ; and to Uiose of 
{4)add AC + CD: then 
By (1). AE 4 EF 4- FB AG 4- OF + FB, 

... (2). AG 4GF 4- FB AC 4- OF 4- FB, 

...(3). AC4-CF + FB:;:^AC4-CK4KB, 

, .(4). AC4-CK4KB:p-AC + CD + 1>B; 
consequently AE 4* EF 4- FB b still AC 4* CD 4 DB. 
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KXXBCtSS I. — TUSOBXM. 


The angles of a quadrilateral are equal to four right 
angles. 

Let ABCD be a quadrilateral, its angles at A, B, C, and 
D, are equal to four right angles. 

For draw the diagonal then the angles A, ABD, 
and ADB, of the triangle DAl^ are equal d 
to two right ^gles ; and the angles C, 

CDB, and DBC, of the trtmigle DCB, are 
also equal to two right andcs; but the 
ai^e ABC b composed of & two angles 

ABD, DBC, and the angle ADC is ooaa- a ~'r 

posed of the two, ADB, CDB ; conseqiiently the angles 




so SET TO TfJLNB OBOlUnniT* 

A, C» ABC, a»d ADC, ot the aoadi2bte]:i^ are eqoid to 
the aiglet cf the two triangles ; utat k, to four ri|^ aoglef 


SXIBCI8I tu — THBOBUL 

Emy quadrilateral that has its opposite sides, or opposite 
angles, equal, is a paraOelograiii. 

list AD be a quadrilateral, haring its opposite rides AB, 
OD, equal, and also AC and BD ; or having its omsite 
angles A and D equal, and also the angles Am) and ACD ; 
then it it a paraOeiogmin. 

L When the opposite sides are equal. 

Draw the diagonal BC, then in the two triangles ABC, 
BCD, the side AB = CD, AC = BD, and 
BO is oommon; oonsequentlj they are 
ererjrway equal (I. 8) j henoe angle ABC 
= BCD, and ACB « CBD r^ewfore 
AB is parallel to CD, and AC to BD (L 29), and the 
figure it a paralleiogram (I. Dcf. 42). 

2. When the opposite an|^es are equal. 

Bj the last exercise, it was prored that the four angles 
of a quadrilateral are equal to four right angles ; therefore 
angles A and ABD, wliich are respectirely equal to the 
anries opposite to them, must be equal to two right angles, 
and oon^uently ^) AC and BD are parulel ; &r a 
simitar reason, angles A and ACD are equal to two 
angles, and themore AB is parallel to CD: theremre 
ACDB is a parellelognim (L Def. 42). 

xxxBczax nt. 

To find a line whose square shall he equril lo the differ- 
enoe between two gieen squares. 

let A, B, be the two finss whose squares are the given 
squares ; that is, squares described on tnem ss hnses, are the 
' ; to nndaline whoee sqiw shall be equal to 
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Take mj litti CD, draw D£ pexpendioalaar to CD, and 

. A <•* A '¥Tl J# __ 


out off from it DG = B ; and 
from G as a centre, with a nidius 
St A, cut CD in F; draw OF, 
and DF is the requir^ line. 

For (I. 47) tW = DF* + 
DG»; or (I. 47, Cor.) FD«s= 
FG»~.DG*, that is, DF» = A* 
— B* ; or the aonare of the line 
DF iiOQual to the difference be- 
tween the squares of the lines 
AaadR 



BxtmnsB tr . — peoblem. 

To find a line whose square shall be equal to the sum of 
the squares of any number of lines. 

Let A and B be twa given lines ; to find a third whoso 
square shall be equal to the squares of these two lines. 

Draw any line CD, and cut off from it a part DF ss A ; 
make DE perpendicular to CD, 
and cut off DG =: B ; join FG, 
and FG is a line whose square is 
equal to those of A and B to- 
gether. 

For (1. 47) FG* =; DF» 4^ DG* 

= A*-fB*. 

If three lines are given, as A, 

B, and H ; then find, b^ the pre- 
ceding case, a line FG whoee 
square is equal to the sum of the 
squares of A and B, then, in the 
same manner, &id a Une whose square shall he equal to 
thoae of FG and the third Hoe H ; then it is evident that 
the square of the line last frund is equal to the eiin of the 
squara of A, B, and H. 

When fi^ar lines are given, a filih Hue, whose square 
shdB he equal to the sum of the squares of the Ibitr ^vmi 
liacaft can be frund by a dmtkr process. 



B 

B 



tCRY TO flAKB OBOimTBY. 


KXEHCMB V. — PROBLEM. 


To bisect 1 ^ iMuraUelogram bj a lino drawn firom a point 
in one of iti sides. 


Let ABCD be tbe i 
side CD, it is required 


raraUelogram, and P tbe pmnt in the 
to draw a line, as PQ, to bisect the 


Make BQ = DP, and draw PQ, and it will bisect the 
paralldbgrazn. 

For join DB ; then, in the two triangles DEP, BEQ, 
the rertkal angles at E fne equal, the ^ p c 
alternate angles PDE, QBE, are equal /\. V 7 
(I. 29), and the sides DP, are equal 7 / 

by construction ; hence the triangles are / / xy 
everyway equal, and therefore their areas a a b 


arc equid. But (I. 34) the two triangles ABD, CBD, are 
e<mal ; and consequently, if DPE be added to ADB, and 
EBQ be taken fre^ it, the resulting 6gure, ADPEQ, will 
be equal to triangle ABD ; that is, equal to half the paral- 
lelogram ; and the 6gpe BCPQ must be equal to the other 
half; and the line PQ therefore bisects the paraUelogram. 

EXEBCISB VI.^ — THBOBBM. 

If from any point lines be drawn to the angular points 
of a rectangle, tne sums of the squares of those drawn to 
opposite angles are equal. 

Let AC be a rectangle, and O a point in it ; draw OA, 
OB, OC, and OD, then O A* + 00» = OD* + OB». 

For through O draw EG and FH d k c 
respeotivdy pmlldl to AB and BC, then 
Els FG, OH, and EH, are rectai^les, as ® 


their opposite sides are narallel, andmii^ 
i, B, C, and D, in each, are 


A, B, C, and D, in each, are ris^t angles a , f b 
(1. 46, Oor.) Hence (L47) A(P = AF« + F0* = AF* 
+ B(P, OC* = 00» + ^ = FB> + OC*; therefore, AO» 
4.00* = AF» + FB» + ^-fGC». Again, OlPrrDH* 
4.0H»=rAF*-f (XH andO^=:OP4-FB>=:BG»-f 
BF; and therefore^ OD» + OB* =:AF 4- F]^ 4^ BG» + 
CO** Heocethesum AO* + OC*andthesumOD*-f O]^, 
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being eadi equal to the souam of AF, FB^ BO» and GC» 
must be equm to one anotner. 

H the point were tak^ without the reetangle, the proof 
would be exactly siiiuiar, 

XXillCI8B Vlf. — iPBOBLXK. 

To bisect a giren triangle by a line drawn firom a point 
in one of its sioas. 


Let ABO be the i^ven triangle, and P the giTcn point 
in the side AC. 

Bisect the base AB in D ; join FD, and draw CE 
pandle! to PD ; join PE, and 
P£ it the bisecting line re* 
qubred. 

Foot since CE is pamltel to 
PD, tbe triangles PCD, FED, 
are equal (I. 37) ; to each add 
ADP, then the sums are equal ; 
that is, the triangle ACD is = 

APE ; but ACD is half of triangle ACB (L 3B), because 
AD = DB ; benoe APE is also half of the giren triangle, 
or PE bisects it 



XXKBCISB Ylllv — THBOKXH. 

The square of either of the sides of the right angle of 
a fi^t-angied truu^le, is equal to the rectangle contained 
b^ nie sum and difference ox tbe hypotenuse and the other 
side. 

In the triangle ABC, rightangled at B, tbe square of 
AB is equal to the rectangle contained by tbe sum of AC 
and CB, and tbe difference of AC and CB ; or AB* sr 

(Ac-fCB) (AC— ca) 

For (1. 47^ Cor.) AB» = AC* — CB*, and (IL 6, Cor.) 
the difference between tbe squares of 
AC and CB is equal to the rectangle 
eontamed by the sum and di^krem 
Of AC and CB; that a AC*— CB* 

22 (AC-f-CB) (AC—* CB); and eon** 

•eqxMUitfy 

AB^ = (AC -f CB) (AC— CB)1 




Jt.KT VU IXAPIS enVJBlSTJtX. 


IPUOkCSni IX^THBORSM. 


If thtm linet inUimeAg in the mm 

make Uie m tmpm thn» ^m«d etmS^ the dwtoce of any 
potai from one m the linet is equal to the ium of its dun 
taiioei from the other two. 



htt the lines AB, CD, EF, make the m angles about 
0 eontamed by them equal ; then if P be v ^ 
anv pdnt, end PK, PG, PH, perpwidi* ^ 
cuiors from it on the tides, tlien PK if 
equal to PG and PH together. 

For the angles AOC, COE, EO^ „ 
ing equal, ea^ of them is third of ^ 
two right ang^ ; and if CPE be drawn 
paralld to angles OCE, DEC, are 
respectirely eqt^ to COA and EOB (I. 29) ; hence OCE 
is an equiangular triangle, and therelbre equilate^ (I. fr, 
Cor.) ; hence if 01 be peipendicular to AB, IK is a rect- 
angle and PK =: 10. But, as was shown in Ex. 21 
of Pirst Book, 10 is equal to the perpendicular from E on 
00,* and OCE being isosceles, and Jr a point in its base, 
PG -f PH r= the latter peipendicular, by Ex. 19 of First 
Bqok; hence 

PG + FH=:PK. 


zxmem X.— TasoABif. 

The square of the pmendicular upon the hifpotenuse 
a ii|^it-angied trimigle mwn from the oppom an^ is 
equri to the rectangle undar the scgmmits of frie hypo- 
tenum. 

Let ABC he a triangle righl-aiy^ at A ; then if AD 
be perpendicular to ![^, AD* = BD • DC. 

For BA* = BD* 4- AD* f I. i7\ 
and AC*=sDC? + AIPi 

hence, adding equals to Mwalt, 

BA* + AC» = BD* -f W -f 2 AD*. 

But BA* + AO»=sB€* (1.47) =BD* 

-f D0«+2BD*DC (n,4); wheiefrwe (Ax. i) BD»4- 




DC*+ aJUP*=BC> + DO* + 2BDDC ; ind away 

firnn thou equals the common part BD* + DC% Uieie 
raocuttiiti 

2AD» =:2BIMK;, or AD* =:DD*Da 


SX1ECI3B XI. — mOBLBIf. 


Giren a point and three linei, two of which are parallel, 
to hji4 A point ha eadh of the poralkle that shall be equi- 
distant ibom the pointy and such, that the line join- 
ing them shall be parallel to the other given line. 

Let ABp CD, be the three lm«^ of which the first 
two are parallel, let P be the given point, it is re- 
quired to find the points B and, 

C such, that BC may be parallel 
to A£, and that PB may =r PC. 

F^om P draw PE peip^dico- 
lar to AE, and bisect DF in O, 
and draw COB parallel to AC, 

Uien B and C are the required 
points. 

For join PB and PC ; then in the two triangles BOF, 
COD, the sides OD, OF, are equal by construction, the 
series at O are equal 15), and the vertical angles BFO, 
CDO, are abo equal (I. 29) ; hence die triangles are every* 
Wiy equal, and therefore CO OB. Again, angle COD 
ss AEP (I. 29), and the angles at £ are right by construe- 
turn; benoe COD, and therefore also BOD (1. 13), are 
r%lit angles, and therefiwe equal ; also the side CO 
and OP IS common to the two triangles FOB, POO ; and 
therefore (L 4) the triangles are everyway c^ual ; hence 
PB r= PC. The points^ C, are therefore ^uidistaot from 
P, and the line BO joining them is parallel to AE. 



KXEBCISS Xll.^ — ^THBDRKII. 


The line joining die middle points of two sides of a tri- 
angle is parallel to the base, ana equal to the half ^ it. 
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ICEY to PlJLKB CFEOMEnir. 


' |j«t ABClittElnai^et the ImoDBy thill 
pohitg D, E, of hro dlts tkl^ ti panilel 
to tho thini mde AB« and equol I 0 its 
haif. 

Produce DB to F, maldnpr EP DE^ 
and kin BF ; then» in^ the tnangles BEF, 

0D£, the sides DE, EC, are respectirety 
oqiud to FE, £B^ and the Tcrttcal arises 
at £ are eij^ual ; hence (1. 4) the triasiglei iilaa^ual in erm 
respect, and therefore BF rr CD 2 =: AD ; abo angk B]^ 
ss C, and hence BF isjMurallel to CD or DA, and eqtt4 to 
it ; therefore (1. 33) DF ts pandlel and equal to ABt Bat 
DE is the half of DF ; it is therdbre eqw to the half cf 
AB, and is also paralld to AB. 



axaitctts XI! I. — rnaonsM. 

The quadrilalend formed by jotniiiig the snooetshre maddle 
points of the sides of a gtren quadfuateral, is a paraBdb- 
gram. 

Let ABCD he any quadrilateral, and £H, HO, OF» FE, 
lines joininff the sttccessira middle points cf its i^es, than 
the ^re FOHB is a pandlelograin. 

* For let AC, DB, he the dtiwonab of the gmn 
Then, hy the last exercise, the une EB is d ^ 
parallel to AO, thf base of the triai^ 

AOD ; for tiie same reason FO is paraUel \ ^><^ 

to AC I consequently FO and EH sre pa- b 

imlM (L 30); and 4^0 simaar reason^ 

and <m we parallel Hoioe (L Defc 49) \yfS ^ 

EfOB is a pendkicgrain« Ab 1 

axsacist xnr^MmucM. 

To di^de a lina into two segmasdiL ^andi that the teel*^ 
aagb oontamed by one of thm and ano^ier givmi 
tbm he equal to the afsatt of the other segment 

Lei AB, CD, he two lines, it is lequhed to enl AB into 
two aegmento in Fy ao ^at AP* CD sBF*. 
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9bd « itn« S (sol rmmmUii Id 

fiMli that 8*s= AB*CD» a 

draimliogK<in<)ei||aldfiaarftlm^ ^ 

Neit biMcl CD IB E, imd lind a Jam 

ElHtiidiaiatEW=CE*+».lyEx.4 ^ 

of Second Book ; tken miJca BF =: DL» and F it the re* 
^tiired point of tection. 

For S»=:EI/— CE*, mid (II 5, Cor.) EL»-.OE*=: 
(EL+CE) (8a:,--CE)=CLDL;fbrDL = EL-^ED 
ssEL-^CE Wbetcfore, tince 8» ss AB • CD, AB • CD 
« CIDL ; or (IL 1 and 3) AFCD +BFOD =: CDDL 
+DI/; but BFnDL, and benoe BF ODssCD DL; 
1 ^ taking awaj dieta e^nal quantiser Irom the pfacading 
aqwd^ there rematnt AF * CD = BF** 

xxiTOitx xv.*--^tmuLU* 

Tq produce a given lane, to that the rectangle contained 
by the former and another given line ahall be equal to the 
equate of the produced part 

Let AB, CD, be the given lines, it is required to produce 
AB to aome point F, such that AF * CD may equal BF*. 

Ai in the preceding exerdae, find a line 8, such that 

»r=:AB CD;hiaectCDmE; then find , ^ 

HD^aach thatEL*;=:CE* + 8*,and pro- ^ ^ 

^dioa AB to F, till BF = CL, and F is the 
faqulmdpofittl of extemal section. 

r= EL*-..*CE* == (EL + CE) (EL^CE) ^ 

Of; ABCD«CLDL;forEL--*CEr=DL; 
adfiae leapeedvdy to these equals, the equab BF'OD^and 
Cai -«D; then(n. 1) 

( AB + BF^ CD = CL (DL + CD) J 
Or, AFCD=rCL"CL = BF;ferBFz=CL. 


Mtamciii xYi^ — THioaav. 

M any paidlelogiani he deaertbed on the base of a tri** 
aii(^ and other two paraBelograms on its two aides, such 
that sides opposite to those of the tnaa^ shall pass 
duoudf the anguisor pobts of the fonner, the first fiavalleb- 



itm TO njMvtmmvtnY. 


pm idiil! to ^ mm or diffmnoe o# odior 

twiL Aceor&if ii tiM(f Iboih lie withoQt tlie 
of them n^poA it 


Let ABC be e triangle, mA AB£B any paralklogmm 
detcribed on Ibe bete» AFGC, BCIH, perallek^n^s 
on l3m «id«f, wboee lides FG, IH, pa« tlirough D, E, an- 
of the former^ then ABED is = ACGF -f 


Thr^k 0 draw OL parallel to AD» mi produce it to 
meet F(f, HI^ produoea; tkeee two 
lines will meet LO m tbe same point 
IL For ADKC and BCKE are pa- 
ranelograems, race tkeir opp^te sides 
are pralielf and hence uK in the ^ 
former is 5 = AD (I. 34jj= BE = CK 
in the paraJleloff^ OBEK. Smce> 
therdbre, the me CK is equal in both, the lines FG» HI, 
meet LC in one notnt K. Now (I. 35) the nirallelogram 
ACGF is = ACKDy as they are on the same oase AC, and 
between the aame mirallels AC, FK ; for a similar reason, 
ACKD issiALMb, as they are on one base AD, and 
between the parallels AD, LK ; wherefore ACGF is = 
ALMD. In the same manner it is prored that BCIH is 
ssBLME; and therefore AFGC ana BCIH together, am 
equal to ALMD and BLME together ; that is, to the whole 
parallelogram ABED. 

When a side, os AD, of the parallelogntm detciiM on 
the base lies h^ween the corresponding side AO of the 
trknn^ and the base AB, the pmkiegyam on the sida 
AC will then £U1 on die triangle, and th^ on the mde BO 
will be eqiud to the other two. The proof in this ^ase is 
exaody snnilar to that in the pmodhng case. 



Komctts xnt4 — rnaonsn. 

The sum of die squares of the sidii ef a qnadrilateai is 
equal to the sum of die aqaarea of its d ie ^ ak, and ter 
dmes the aquwre of the fine thmr middle pmnts. 

Let ABCD be any qnadzilateand, AC, BD, its diagosiali, 
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a»d £F lino tbehr middle p^tli AD* 4 

IX? 4 . CB^ + B A* = AO* 4 * DB^ + 4^. 

For drew DE and BB. Then, beoaose tbe bwe AC of 
the triangle ACD ia IdeMted hi E, Iheiw* 
fore (IL A.) 

AD* 4 IX?=: 2 AE* 4 2 DE»; 
and AB*4BC*=:2AE*4 2BE», 
for a iiinilar reaaon, since AO Is also 
the base of the triande ABO. lienee, 
odding equals to equab, 

AD*f DC* 4 AB* 4 BC* = 4AE*42DB* + 2EB*. 
Bat (II. A.) since BD, the base of triangle DEB, is bisected 
in F, 2 DE* 4 2 EB* = 4 DF* 4 4 EF* ; conse^entlr the 
som of the squares of the sides is equal to 4 A®^ 4 4 DF* 
44EP. But (IL 8, Cor. 2 ) 4 A£* = AC*, 4 DF*=: 
DB* ; and hence 

AD» 4 D€* 4 AB* 4 BC* = AC*4DB*44EF. 

KXERCISK XVIIf. — THBOBBM. 

The sum of the squares of two opposite sides of a quadri- 
lateral, together with four times the square of the Ithe join- 
ijm their middle points, is equal to tbe sum of the squares 
of the other two sides and of tbe diagonals. 

Xiet ABDC be onj quadrilateral, EP the line joining tbe 
middle newts of the sidet AB, CD, and AD, BC, its dia* 
then AB* 4 CD*4 4 EF* = AC* 4 DB * 4 AD*4 

Wm join OF and FD ; then, because the base AB of 
the triangles ABC, ABD b bisected in 
F(n.A.), 

A(? 4 CB» = 2AJP42CF, 
and BD» 4 AD* = 2iAF42FI>*; 
eomaeqaentijr, adding equals to equals, 

A0»4BD*4AD*4BC*=:4AF4 
2Cf*42FD*. 

A.)2CP42FD»=:4CB*44EF; wherrfore 
Uie sum of die squares of AC, BD, AD, and BC, is =r 
4AF44CE*44EF. 
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(IL 8|0». fi), 4 AP 2= A B*, ana 4 CW 
himoe AC^ 4* 11^ + A D* + BC^ = ABH 013^ + 4 

XXXROItB XIX — fSSOBXU. 

^ like iduam of the sum and of the difference of two lines 
atw togetnar doolde the aqiiam of these Hues. 

Let AB, BOf be two lines ; prodnoe AB to D, making 

BD ss BO ; then AD is the sum, and ^ — 

AO the difference of AB and BC, and ^ c b n 
AD* + AC? is = 2 A»+2 BO». 

Wot (II. 4 ) AD*=:A]^ + BD* + 2AB BD = AB* + 
B(? + ^AB*BO; forBD = BO. 

aik> (n.7) ao»+«aB‘Bc = ab*+bc*. 

And, ad^g equals to eqoi^ 

AD* + AC? + 2AB-M = 2AB*4-2BC* + 2AB'BC. 
lUdng away the qoa&tiiy 2AB*B0 from these equals, 
there remains, AD* + AC* = 2 AB* 4* 2 M?. 

aXSBOISX XX. — THXOREM. 

If a line be cot in medial seotton, the line oompoaed of 
it and its greater segment is similarly diTtded. 

Let the line AO be cot in media! section at the point B ; 
then, if CA be pr^uoed to D, tiU AD =; AB, die line CD 
is also cot in asedial section in A. 

For AB^ = AC-CBhyhypothesis; 

and adding to these eqnals the rect- ^ » o 

angis AO * AB, or AC * AD, 

AO • AB + AB* == AC • CB + A 0 • A B. 

Or, AC* AD 4- AD* = AO (AB 4- OB). 

Or (a. 8X CD DA == AO* (H. ly 

axxnont xx^-^^raaonaM. 

The tom of the squarea of the ^ ig o a a ls of a qradrila- 
is eqoal to twM the sum of dm dqoms of th» fines 
joining m middle prats of die oppo^ sides. 

Let ABOO be any gnadrilatstid, sod EG, FH, lines 
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jc^ajngdli middle points of the oppomte lito, ind AO, DB, 
its dtutfonali ; then 

AC» + I>B*=:i2fiG* + 3FH*. 

For draw EH, HQ^ OP, and EP ; flmn, by the 13th 
£x^ EHQF is a paiaQidogram ; and, hf 
the 12th Ex*, DB is double of GH, and 
AC double of EH ; consequently (IL 8, 

Cor.) 

AC* -f = 4 EH* -I- 4 HG*. 

But (L 34) 4EH* = 2EH* + 2FG*; 
and 4HO* = 2HG*-f2EF** 

Also (II. H) EH»-f HG*+GF* + EF* = EG* + FH*; 
and the double of the squares of the sides EH, HG, GF, 
FE, arc = 2 EG* 4* 2 FH», and abo to 4 EH* + 4 HG*; 
h«ice AC*-fDB* = 2EG* + 2FH* 

SXXBCISS XXll.^ — THSORBir. 

If any one of the angles of a triangle be diridad into a 
number of equal parts, the diriding lines will diride the 
opposite side unequally ; the segments nearer to the per> 
pendicuiar on this side from that angle, being less than the 
more remote. 

Let ABC be a triangle, and CD a t^rpendicular from 
aai^ C on the side AB ; let angle ACB he dirided into a 
itmnbar of equal parts, of which angles ECF, FCG, are two ; 
then, if £F m nearer to the perpendicular Umn it will 
be less than FO. 

Since the triangle CDF is right-angled at D, OFD is 
•cute (1. 17); and oonseq n^tl y (1. J3) CFG is obtuse, 
and therefore greats than CFD. C 

Dm FH, mal^g angle CFH = 

CFE; there are two angles of / ! \ 

tnangle EFC equal respe<^Tcly / \ \ 

to two angles tn Ae triangle , i \ 

CFH, and the iido CF is com- A. F K D B 

mon to both; therefore (1. 26) the triangles are eveiy- 
WB? equal, and hence FH =: FB, and CHF r=: CEF ; 
and consequently (1. 13, Cor.) angle PHG s CED. But 
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angle CED i« Mttar than CGF (L 16) ; hence abo FHG 
it greater than ; and therefore (1. 19) the tide FG of 
the triangle FGH it greater than FH ; hut FH wat proved 
to be =: ; therefore FG it greater tiian F£. 

It can ea^j he proved indirectly^ at a corollaiy from this 
theorem, that if tne divitiont EF and FG are equal, the 
angle EOF, tuUended by FE, would he greater than FCG 
auntanded bj FG. 


THIRD BOOK. 

KXBBCXtl I. — THEOREM. 

If a line drawn from the centre of a circle bitect or he 
perpendicular to a chord, it will bisect and be perpendicu- 
lar to all chords that are parallel to the foimer. 

Let the line CG, drawn from the centre C of the drde 
ADEB, bitect the chord AB, or be perpendicular to it, 
and it will alio bisect and he per|>endicular to any other 
chord, os D£, that it parallel to the former. 

For if CF bitect AB, it cuts it alto at right angles 
(111. 3) ; hence AFC is a right angle, and 
(I. 29) AFC = the Interior angle OGD ; 
consequently CG it also perpendicular to 
DE, and it therefore alio hiteots D£ 

(IILS). 

Again, if OF be perpendicular to AB, 
it can be proved at before, that it it alto 
perpendicular to DE, and oonsequentiy it alto hitecU DE. 

BXSaCItE XI. — THBOmOf. 

If two mrcks cut each other, the line Joining the pmta 
of intertedion it hiaeeted perpendiculariy by the line join- 
ing their oenttea. 

Let the ciidei LMN, LMR, intmeet in L and M, and 




flimil BOOK. 


33 


lei P and Q be their oentrea, thea PQ biMGts LM perpen* 
diciilarfy in O. 

For draw the radii Pii» PM. QL, and QM ; then in the 
two trianglet PLQ, PMQy the 
aide PL = PM, LQ = MQ, and 
PQ b common ; wherefore (I. 8) 
the triangles are ererywar equal, 
and therefore angle l^Q = 

MPQ. AgaioL in the two tri- 
ages PLO, PmO, the two tides 
Lr, PO, are respectiTely equal to MP, PO, and angle 
LPOsMPO; consequently the triangles are equal in 
ererr respect ; therefore LO == OM, and angles POL, 
POM, are also equal, and oonsi^uently (I. Del. 10) th^ 
are right angles ; wherefore LM is htsectea perpendicularly 

byP4 



sxxaciis fii. 

If two circles cut one another, and firom one of the 
points of intersection a diameter he drawn through each of 
the ciicles, the other point of intersection and the other 
two extremities of the diameters will be in one straight 
line. 

Let the circles LMN, LME (fig. to preceding ExA 
Im two circlet intersecting in L and M ; and let 1^, Ll^ 
he two diameters ; then M, and R, are in one straight 
Hue. 

F<xr join NM and MR ; then the angles LMN and 
LMK are angles in lemicbcles; consequently they are 
r%ht angles, end their sum two right angles ; therefinre 
the lines NM, MR, are in one line (L 14). 

EXXBCISX IV. — TBXOatM. 

A line Uiat yseets two parallel chords in a circle, is also 
petpmtdtcular to diein. 

Let the line FQ bisect the parallel dioids AB, D£; it ts 
perpendicular to them. 
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For if CF it II But j<^ing oeiitre ^ "X 

of the drclc, fmd F tho middle of AB, it / tj \ 
it perpendicular to AB, and (by Ae first ) 

JBx.) n CF be poda^, it hstect jr-^» 

BE perpendieolam in G ; hence this line 
muit coincide wita the line FG, joining ^ 
the middle poinit F, G ; and contequentlj FG it perpen- 
dkalir to the two chordt. 


BXKRCltB V. — TBBOaiM. 

Two concentric cirdet intercept between them two 
ecpial portions of a line cutting them both. 

Let PQN, RTS, be two concentric cirdeai and MN a 

line cutting them both ; then the -s^ 

intercepted poiiioni MB» KS, are 
equal 

For, from the common centre 0, / / 1 \ ) 

draw OV perpendicular to ; then I I J j 

MN and RS are bisected b V ; hence \ V y y 
MV = VN, imd RV = V8; and 
therefore MT — RV = VN — V8; 
thatis,HRb:Na 


axEncuB vi.^ — ^ thso&bm. 

Of these fiteeonditions—- of passing through the centre 
of a oirde, biseetbg a dbord, bdng perpendicular to a 
chord, hsieetbg the subtended angle at the centre, hieset* 
ing ^ auhtended arc of the diora — if a fine fidfil anj 
two, it will also fhlfil be other three. 

Let AMB he a drde, AB a dtoxd, and CF a line hweet* 
bg AB, or entfiag it at right angles, or ^ 

hisecfiim the arc i^E. 

L If CF hiseegt AB^ it cuts AB psipan* ( c \ 


(111.3). 

S. If CF cut AB perpendiouhn^t it 
bisects AB (111. 3). 

3. If CF hissol AB perpenbcukiljr, k 
passea thrci^ be centre (111. 3, Cor.) 
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4. If CF bweet AB» isn ail AB «l rybl 8»gl«t» It will 
bit 60 l«i^ ACB, and also arc AMB« 

For <UL 3) tbe triatigiet ACF» BOF, art evti^rway 
tqnal in h«A these otMtiaad hence ai^ ACM rs 1K)M ; 
and ibatfore (111. 516) llie arc AM sr i|Bi 

6. If CM bisect an^ ACB, or the are AOB, it will alto 
bisect AB, and ait it at i^ht angles. 

For if angles ACF, BCF, are equal, then smee AO sc 
CB and CF, common to the triangles ACF, BCF, hence 
(L 4) the triangles are er er yw y eqnal, and therefore 
AF sc IB, and ai^e AFC s=: Bl^ and henee th<^ are 
r^;ht angles. 

Also, when angle ACB is bisected, the arc AM sc MB, 
ht sttbtend equal angles at the centre (111. 27)* 

As^, if CM Inaects the aro AMB, tbe angles ACM, 
BCM, stead on equal arcs, and are therefore equal ; and 
therefore it can be prored, ae above, that CM alM Insects 
AB, and is therefore perpendicular to it. 

6. If the line FM bisect the arc AMB, and also AB, it 
will cut AB at right angles ; it will pass tlmragh the centre 
C, and will bisect the angle ACB. 

For it has been ^ved that a line CM, drnwn from the 
centre to M, the uimdle of the arc, hisecis AB ; hence tho 
line MF, drawn from M to F, must ooindde with the for- 
int, and consequently will pass through the centre, will 
aha wut AB at n^t anghs, and bisect anide ACB. 

7* H the itne FM hmect the arc AMB, and cut AB at 
angles, it will hised AB, wiB pass through the centre, 
mid will bis^ the angle ACB. 

Hiis case can be proved exactly in the same manner as 

S^BT^M^sect the arc AMB, and also the rntf^ ACB, 
it will hiseci AB, and he perpendiailar to AB, and will 
eidden% pam through the centre C. 

Bmce the fine rnusl in thisceae pass dnoi^ C, ** 
It sdso h hee t s Hw am^ ACB( this case h lima redimed to 
the first part of ths m&x case ^ve. 

The fourth case above properly oorrtaina teo cases, and 
so does the fifth ; there are thus, in all, ten c as e s. 
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fiXKBCISB VIL — THEOREM. 

If a circle be described on the radius of another circle, 
any chord in the latter, drawn iroxn the point in which the 
circles meet, is Insected by the former. 

Let ABC be a circle, AE a radius of it, and ADE a 
circle described on AE os a diameter ; 
then any chord, as AC, in the circle 
ABC, is bisected in D. 

For join DE; then ancle ADE in A 
a semicircle is a right angle (III. 31), 
and consequently (III. 3) AC is bi- 
sected in D. 

EXERCISE VIII. — THEOREM. 



The exterior angle of a quadrilateral figure inscribed in 
a circle is equal to tiie interior and opposite. 

Let ABDC be a quadrilateral inscribed in a circle, its 
exterior angle DBE is equal to its interior opposite angle 


For (III. 22) the opposite angles ACD, ABD, together, 

iwe eqiial to two right angles, also ^ 

(T. 13) ABD and DBE ore to^er 
equal to two right angles; conse- /I |\ 

quently the first pmr of angles are \j 1/ 

equal to the second poir ; and taking \7 

from both the common angle ABD, ' 

there remaiiis angle ACD =: DBE. 


EXXaCXSB IX. — THEOREM. 


Parallel chords in a circle intercept equal arcs. 


Let AB, CD, be two chords in a 
circle ; then the intercepted arcs AC, 
BD« are equal. 

For join AD ; Uien (L ^) the 
alternate angles ApC, BAD, are 
equal, and therefore (L 26) the arcs 
AC, BD, on whkdi the angles stand, 
are equal. 
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If two circles touch one another, either intemallr or ex- 
ternally, the chords of the two arcs, intercepted between 
two lines drawn through the point of contact, are parallel. 


ACO, BDO, 1)6 two circles touching in 0 ; AB, CD, 
any two lines through O ; then the chords AC, DB, are 
parallel. 

For draw the line EF through 0, and perpendicular to 
the line joining the centres of 
the circles, which passes through 
the point of contact (III. 12) ; 
hence (III. 16) EF is a tan- 
gent to l)oth circles ; conse- 
quently (III. 32) angle A = 

COF, and (I. 15) COF = 

DOE, and (III. 32) DOE =: B ; wherefore angle A : 
and AC is parallel to DB (I. 27). 



KXKRCISB XI. — THEOHEM. 

If a tangent to a circle be parallel to a chord, the point 
of contact bisects the intercepted arc. 

Let the tang^eni EG and chord CD to the circle ABF 
(fig. to 9th Ex!) be parallel, then the arc CFD is bisected 
in F. 

For since EG is a tangent, therefore (III. 32) angle 
CFE = CDF ; and because EG is parallel to CD, angle 
CFE = FCD ; consequently angle CDF = FCD ; and 
therefore (III. 26) the arc CF is =: DF. 

XXmRCtSK XII. — THROBSM. 

If a dund to the greater of two concentric dreies be a 
tangent to the less, it is bisected in the point of contact. 

Let MPN, RTS (%. to the 5th Ex.) be two concentric 
drcles, and ^ a chord to the greater, tondbing the less in 
T,theaFr = TQ. 



KET TO nLAKB OBOMBTRT. 


: 5 » 


For if OT be drawn, it will be perpendicular to PQ; 
and since 0 is the centre of the circle MPN, and OT per- 
pendicular to the cbcnd PQ« it bisects the chord (UL 3) ; 
nence PT ss TQ. 

BXBRCISB XIIX.^ — ^THSOBSK. 

If any number of circles intersect a given circle, and pass 
through two given points, the lines joining the intersections 
of each circle will all meet in the same point. 

Let A, B, be t^o given points, and CDFE a given circle ; 
then if any number of drcles ABC, ABE, be described 
through A, B, cutting the circle CDFE, then the lines CD, 
EF, produced, will meet AB in the same point P. 

For let CD meet AB, when botli are produced, in the 
fKiint P, and from P draw a line PFE, cutting the circle 
CDFE in E and F; then the 
circle described through A, B, 
and will cut PE m F, the 
point in which it cuts CDEF. 

For if not, let it cut PE in 
another point F (not shown in 
the figure) ; then as PC, PE, 
are secants of the circle CDEIF, 
therefore (III, 37) PE-PF = 

PC * PD = PA • PB ; but PA, PFE, being secants of the 
circle ABEF, therefore PA * PB = PE • PF ; henee 
PE • PF =: PE • PF ; and consequenUy PF = FF, or F 
coincides with F. Wherefore the line joini^ the points 
section E, F, mee^ AB in the tame point r in wnhdi CD 
meets it ; and the same can be proved of any other circle 
passing through A and B, and cutting the cinde CDEF. 

Con. — ^llenc^ if the rectangles PA*PB and PE*PF 
are e^ual, a circle can be descrilMMl through A, B, £, 
and F. 



BXiaClSB XIV. — PBOBtXM. 

Throng two gtv^ points, to describe a drde touching 
a given cirde. 
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r^et A, B, be the giren points, and CDT the gircn circle, 
to describe a circle through A and B, to touch CDT. 

any <»rcle passing through A and B cut the giren 
circle in C and D ; draw CD and AB, anc^roduce thorn 
to meet in P ; from P draw the tangents Pi\ PT, to thd 
given circle CTD ; then if a circle oe described passing 
through A, B, and T, or through A, B, and T', it will touch 
the giren circle either externally or internally. 

For since PT is a tangent to the giren circle CTD, 
therefore =r PC * PD (III. 30) ; 
but A, B, C, D, being, by hypothe- 
sis, points in the circumference of a 
circle, hence PC * PD = PA * PB ; 
wherefore PA • PB rr PT®, and con- 
sequently (IH. 37) PT U also a tan- 
j(ejit to the circle ABT. Since PI' 

IS a common tangent, the circles 
must touch in T ; for the tangent 
lies between them, so that they can meet only in the 
|>oint T. 

If a circle be described through A, B, and T', it could 
be similarly proved that it would touch the given circle 
in T, 



EXRRCrSE XV. — THEOBKM. 


If two chords in a circle intersect each other perpendi- 
culsrly, the sum of the squares of their four segments is 
equal to the square of the diameter. 

Let ABDC he a circle, and AB, CE, two perpendicular 
chords in it, then the sum of the squares of the segments 
AFy FCt £F, FB, is equal to the square of the diameter. 

For draw the diameter ED, ami join CD, AC, DB, 
and £B. Then angle BCD is right (HI. 31), and there- 
fore =: EFB ; consequently (J. &) CD 
is parallel to AB ; im hence (9th Ex.) 
the arc AC = BB ; wherefore (III. a 
96) the dK»d AC =: DB. Also angle 
£BD in a semicircle is i%ht (III. 31). 

Now (L 47) AF-f FC^ =: AC® = DIP; 
and EP + FB*=:EB»; abo EB® -h DB* = DE* ; conse^ 
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quentl^, adding equals to equals, AJF* + ^ ^5* + EJF* + FB* 


EXEBCISB XVI , — THBOHBM. 

Perpendiculars from the extremities of a diameter of a 
circle, upon any chord, cut off equal segments. 

Let ABDC be a circle, AB a diameter, CD a chord, and 
AE, BF, perpendiculars on the chord ; then the segment 
CE = DF. 

For draw GH through the centre 0, parallel to CD, and 
01 perpendicular to EF. Thqn because 
AE, 01, are perpendicular to EF, they 
are parallel (1. iS) ; and El, GO, ara 
paniiiel by construction ; consequently 
GI is a parallelogram, and it is rectan- 
gular (I. 46, Cor.) It is similarly shown 
that lU is a rectangle ; wherefore GO = 

El, and Oil = IF. Now, in the triangles AOG, BOH, 
the Yertical angles at O are equal, the idtemate angles at 
A and B, and the side AO = OB ; consequently (I. 26) 
the triangles are everyway equal ; hence GO =r OH ; where- 
fore El 5= IF, and (III. 3) Cl = ID ; therefore the re- 
mainder CE z=: DF. 



BXBRCISK XVII.^ — PBOBLIM. 

Given the vertical angle, the base and altitude of a tri- 
angle, to construct it. 

Let AB be tbe base, V the vertioal angle, and H the 
altitude 1 ^ ilie triangle, to construct it. 

On the base AB describe a segment of a dreie ABDE, 
containing an angle equal to Uie given 
angle ; and draw AC perpendicular to AB, 
and moke AC II ; through C dmw CD 
parallel to the base, and let it cut the arc 
tn D and E ; iotn AD and DB, and ADB 
is the required triangle. s — 

For the vertex of tbe triangle must lie in 
the line CD (I. 34, Cor.) ; it must also evi- ^ — 

dently lie in the arc of the segment (HI. 21); hence it 
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b« tither of tlie points D or £. Join AD and DB, 
and ADB is one of the required triangles ; for it has the 
giren base, the giren height, and Terti<^ angle. 

By joining AE and BE, it can be similarlj shown 
that the triangle ABE fuIfUs the three required conditions 
of haring a b^, altitude, and vertical angle of the giren 
magnitudes. 

The two triangles ADB, ABE, are evidently equal in 
every respect, though tliey are in reverse positions. They 
could not be made to coincide, without first conceiving one 
of them to be turned round some line, as one of its sides, as 
an axis, till it would describe h^f a revolution, and thus 
jigain come into the same plane, though in a reverse posi- 
tion to its present 

EXERCISE xvni. THEOREM. 

In a circle, the sum of the squares of two lines drawn 
from the extremities of a chord, to any point in a dltuneter 
parallel to it, is equal to the sum of the squares of the seg- 
ments of the diameter. 

Let ABDC be a circle, of which AB, CD, are a diameter 
and a chord parallel to it ; then if E Ixf any point in the 
diameter, CE* 4* ED* = AE* 4- EB*. 

For draw OP* perpendicular to CT), and join EF and 
DC. Then (III. 3) CD is bisected in « 

F ; OF is perpendicular to AB (L 2il) ; T 7 ^ 

and hence (II. A.) CE* + ED* = 2 CF* , / ^ / 'i 

+ a EF*. Again, 2 EF* = 2 OE» + \ o~ iH 

2 OF* (I. 47) ; consequently 2 CF* 4- \ y 

2EF* = 2CP + 20F*4.20E». But 
2 CF 4- 2 OF = 2 OC* = 2 AO* (L 47) ; therefore 
2 CF4- 2 EF = 2 A0*4-2 OF = AF + EB* (11. 9). 
Hence CF + = AF 4- EF. 

XXXBCIBE XIX.<— PROBLEM. 

Given the vertical angle, the base, and the sum of the 
sides of a triangle, to construct it. 

Let AB be the base, Y the vertical angle, and S the sum 
of the sides, to construct the triangle. 
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a dxd« ACB, 



On the hnee AB describe a segmeat 
containing an ande ewl to Vy aid 
another arc, of which BD is a por* 
tion, oontainiiig an angle = 4 V ; then 
with a radios A£ B, and centre 
A cot BD in D; join AD and 
BF, and ABF is the required tri- 
an||^e. 

For join BD ; then angle AFB 
rr twice D by construction ; but , 

AFB = D + DBF (L 32) ; hence s 
D + DBF = 2 D ; and therefore DBF = D, and conse* 
qoently DF = BF, But AF -f FD = AD = AE = S ; 
therefore also AF -f FB =: 8. The triangle ABF, there- 
fore, has the pven base, the giren sura of the sides, and 
the given vertical angle ; it is, therefore, the required tri- 
angle. 

Had the difference of the »des been given instead of the 
soni, then, instead of describing the segment of which BD 
is a part, it would have been necessary to describe a seg- 
ment on AB containing an angle equal to V, added toh^f 
its defect from two right angles ; that is, to V -f- i BFD ; 
and then from A as centre, with a radios equal to the dif- 
ference, to cut this latter arc in a point, say D ; then the 
remaining construction and proof would have analo- 
gous to above, 

axsacisa xx, — thborkm. 

If tha points of contact of two tangents to a drcle he 
joined^ mj secant drawn from their intersectioD is divided 
into Uiree segments soch, that the reotangle und«r the 
secant and its middle segment, is equal to that under its 
extreme segments. 

Let PMN be a cirde, TM, TN, two tangents, HN a 
chor^oining the points of contact^ 
and FT a secant ; tnen pi 

PTQRrzPQRT. 

For (in, 37, Cor.) MT = TN, and 
hence MNT is an isosceles triangle ; 
consequently '(II. D.) 
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Ml* rss QT* -f Mft- QN = QT» 4- PQ • QR ( 
hat liT*=:PT TR{IIL86)=:PQ TR-f UT TR; 
henoe QT^ + PQQR^PQTR + QTTH. 

()r,«nw QT* = QTQR + QT-TR(II.2); 
therefore QT * QR + QT TR + PQ QR = PQ TR -f 
QT-TR; 

and taking QT * TR from both these eauals^ there remains 
iiT • QR -h PQ * QR = PQ * RT. 

Or(ir. ]), PT QRrrPQ RT. 

EXKRCI8K XXI. — THBORSM. 

If the oppoMte sides of a qnadrilatera] inscribed in a circle 
be poduced to meet, the square of the line joining the 
points of concourse is equal to the sum of the squares of 
the two tangents from these points. 

Let CDEF be a quadrilateral inscribed in a circle, and 
let the opposite sides produced v 

meet in A and B, then ^ 

AB^ = T*-f T'*, 
where T, T, denote the lengths 
of the toneents AT, BT, drawn 
&om A and B to the circle. 

Diride AB in G, so that 
AB BGrsT*. This can be 
done by drawing from B a secant 
to the cirde CDEF equal to BA ; ^ ^ 

then its externa! st^ent will be BG. Then since T^ =: 
BD BE (IIL36X hence AB BG = DB*BE, and con- 
sequently a ctrefe may be described through the points A, 
G, £, and P ; hence angle AGD = DEF (III. 22) ; where- 
fan (L 13, Cor., and III. 22) since AGD ^ BOD 
ss two right angles, and D^F -f IX3F two ri^t 
thcrelbte angle BOD £=: BCD, and consequent^ a cude 
wem^ he described throi^h the points B, G, C, and D ; and 
eonaequentJy AB- AG = AD* AC = T*; but AB BG 
T»,wh«ice AB AG + AB-BG= r*4-Tr 
Or(n. IX AB (AG 4-BG) = AIP = 




FOURTH BOOK. 


EXIRCI8K I. — PROBLEM. 

Through a ffiTen point within or without a circle, to 
draw a coord that shall be equal to a given line. 

I<et A BCD be a circle, P a point within it, and L a given 
line, to draw through P a chord that shall be =: L. 

Place any chord AB in the circle = L, draw from the 
centre 0 the per^ndicular OD to AB, 

and describe with the radius OD the 

circle DEF concentric with the given 
circle ; from P draw the tangent PE to 
the interior circle, and produce it to C 
and D, then CD is the rc^iired cliord. 

For join 0, E, then is perpen- 
dicular to C'D (III. 16); consequently (III. 15) since 
i )E = OD, the chord CD is =r All, and AB = L ; there- 
fore CD = 

If the point were without the drde, as P', the construc- 
tion would be the same as in the preening case. 



EJCRRCISB II. — PROBLEM. 

To draw a chord in a circle that shall he equal to a 
given line, and parallel to another given line, or inclined to 
it at a gitmi angle. 

Let L be the given line, and ABCD the given dreie 
(fig. to preceding Ev). 

As in the last Exerdse, pliice a line AB in the drde 
ABCD = !>, and draw OD firotn the centre O perpendi- 
cular to AB ; then if the required chord is to he parallel 
to L, draw from the centre O a line OE, in a directkm 
perpendicular to Ij, and make 0£ rs OD ; then draw a 
diord DEC through £, perpendicular to OE, and it »«tbe 
required chord. 
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For since OEssOD, therefore (III. 14) CD = AB; 
but AB was made =: L; hence CD = L. And because 
< )E is perpendicular to L and CD, therefore these two Jines 
are pandlel. 

Again, if the required chord is to be inclined to L at a 
given angle, then draw a line M (not shown in the figure) 
through any point in Ij, making the given angle with L ; 
then, as in the former case, draw a cnord equal to L, and 
parallel to M, and it would evidently be the required cliord. 

EXBRCI8R III. PROBLKM. 

To draw a tangent to a given circle, so that it shall Imj 
parallel to a given line. 

Let RLVU be the given circle, and MN the given line, 
to draw a tangent to the circle 
parallel to MN. 

Draw a line ON from the 
<5entre peniendicular to M N, and 
produce tne line to R ; then at 
R draw QR perpendicular to 
OR, and it is the required tan- 
gent. 

For RN being perpendicular 
to both RQ and MN, the alter- 
nate angles at R and N are equal ; and hence (L 27) QR 
is parallel to MN. 



BXKRCISB IV. — PROm.BM. 

To draw a tangent to a circle^ so that it shall make a 
given angle with a given line. 

Let RLVU be the given circle, and MN the given line 
(hg. to 3d Ex). 

Draw MP from any point M in >IN, so as to be inclined 
to MK at an aii|^ M = the givr n angle • then, by the 
preoedtng Exercita, di^w a tangent i/T parallel to MP, and 
It is the required tangent 

For if LT be produced to meet MN in some point W 
(not shown in the figure), the angle W would be equal to 
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the alternate angle M ; hence LT is inclined to MN at the 
given angle. 


IXKRCISB V. — PBOBLSM. 

To 6nd a point in a ^iren line that shall be equidistant 
from another given point in and from another given 
line. 

Let AB, CD, he two ^iven line^ and D a point in the 
latter, to find another point, C, in it that shall be equidis* 
tant from D and from AB. 

From D draw DB perpendicular to AB, and bisect angle 
CT)B by DA ; let DA produced cut 
AB in A ; then draw AO parallel to 
BD, and C is the required point 

For the alternate angles CAD, 

ADB, are equal, and ADB is equal 
to ADC by construction ; hence also 
CAD = ADO, and consequently (I. 5) AC = CD, and C 
is the required point. 



BXRRCISB VI. — ntOBLBM. 


^ To describe o circle that shall touch a given line in a 
given point, and pass through another given point. 

IM QR he the pren line, and P the given point, to de- 
scribe a circle passing through P, and touching QR in M. 

Draw MO perpendicular to QR, join MF, and draw PO, 
maki!^ angle P = OMP^ then 
from 0 as a centre, with the 
radius OM, describe the circle 
Mrs, and it is the required 
circle. 

For since angle P OMP, 
therefore OP s:: OM, and a 
circle described from the eentre 
O, wHh the radius OM, will 
mm throi^h the points M and 
r ; and since OM is perpendkukar to QR, the drde also 
touches QR. 
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BXKRCWB Vll. — PEOBLKU. 

To draw a line that shall be a common tangent to two 
circles. 

Let NUW, RVX, be the two circles, it is re<juired to 
draw a common tangent to them. 

About the centre O, describe n circle MYZ, whose radius 
OM is the dlfFerence be- jy 

tween those of the 
circles ; that is, OM = 

ON — R<i ; fiom the 
centre Q draw MQ, a 
tangent to MYZ ; join 
OMC and produce OM 
to N ; draw RQ parallel 
to MN, and join NR ; 
then NR is the required ^ 

tangent. 

For OM = ON — RQ, but OM = ON — MN ; benre 
MN must =: RQ, and is also parallel to it ; wherefore NU 
IS equal and parallel to MQ (L 33), and MR is a rect- 
angle (L Def. 40, and I. 46, Cor.) ; whence angles N 
and R arc right, and therefore KE is a common tangent 
(III. 16). 

If from centre 0, with a radius OT == tfie sum of ON 
and RQ, an arc OT he described, and a tangent to it, 
QT, be drawn from the centre Q, and QV be drawn 
parallel to OT, and UV joined, it can be shown, in 
exactly the same way as in the preceding case, tliat UQ is 
a rectangle, and U v a common tangent 

ixsncfsx vni.^ — raoBtiM. 

To find a porat in a gitim line tlmt shall Imj equidistant 
from another given point and a given line. 

Let P be the ^ven Jpoiot, and KM, 01, the given lines, 
to find a point 0 in Ul that shaU be equidUtaat from F 
aadKIL 
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Draw PI perpendicular to 01, and produce it to N and 
P, and let IN = IP; find ML, the 
side of a square equal to the rectangle 
MN • MP (II. 14) ; through L draw 
LO perpendicular to KM, and 0 is 
the i^uired point. 

For if a circle LPN he described ^ i* m 
through the three points LPN, then since MN • IMP =; 
ML*, wK is a tangent to the cirde (III. 37) ; consequently 
the centre is in LO (III. 19); also, since 10 bisects the 
chord PN perpendicularly, the centre of the circle is in 10 
(III. 3, Cor.) ; consequently 0 must be the centre, and 
therefore OL = OP ; and O is the required point. 

KXKRCISB IX. — PROBLEM. 

To describe a circle that shall pass through two given 
points, and touch a given line. 

Let P, N, be the given points, and KM the given line, 
to describe a circle passing through P and N, and touching 
KM (%. to preceding Ex), 

Join N, P, and bisect it perpendicularly by 10 ; then, as 
in the last problem, find O the centre of the cirde LPN, 
and describe it, and it is the required cirde. 

KXERC18B X. — PBOBLKII. 

To describe a circle that shall touch a given line in a 
given point, and also touch a given cirde. 

Let PLN be the given cirde, and QMR the given line, 
and M the given point in it, to describe a drde touching 
Pi^N, and also QR in M. 

I>raw OMO per^diailar to QR (fig. to 6th £x.), 
and a line VU paraud to QjR, and at a ^stance from it, 
eq^ to PK, the radius of PLN. Let K be the centre of 
PLN, and describe a cirde (by 6th Ex.), KLU, pass-^ 
ing through K, and touching UV in U ; then since OH 
IS perpendicular to QR, it is so to IJV', for angle OMR 
OUV (I. 29) ; hence ^e centre of the cirde KLU must 
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lie in OU (HI. 19)^ and its centre O is the centre of the 
re<|uired circle PM^ of which OM or OP is the radius. 

For OU = OK, and MU =: PK ; hence OM =: OP ; 
and therefore a circle described from 0 as a centre, with 
the radius O^f, will pass through M and P ; and since OK 
passes through P, and a perpendicular to OK at P would 
iM} a tiingent to both circles, the circles must touch in P ; 
also angle OMR being a right angle, the circle PMS touches 
the line QMR. 


KXEBCISE XI. — THEOREM. 

A regular octagon inscribed in a circle is e(|ual to the 
rectangle under the sides of the inscrilicd and circumscrib- 
ing square. 

Let ABCD he a circle, AB a side of the inscribed square, 
EFHG the circumscribed square, and A I, IB, two sides of 
tbe inscribed octagon ; then the area of the octagon =r 
ABAC. 

For (IV. 6 and 7) the diameter AC, and the radius 
BO, are mutually perpendicular, also AC 
is parallel to IJF and GH, and equal — ] 

to Uie sides of the circumscribed square ; 
also the chords AI, IB, being sides of the ^ i 

octagon, are equal, and hence the arc A I i 
= IB (III. 2^ ; and eonsequentljr (6th V y! 

Ex. of Tliird Bo^) 01 is perpendicular ' 

to AB, and Insects it. Hence, 
twice triangle OBI = 10 * BK (I. 41 ) ; also 
twice triangle OAI =; 10 • AK ; and therefore 
twice AOBI = IO{AK4*BK)=:IO AB(II. 1); 

Or, 4AOBI = 2AO AB=: AC AB; 

and the octagon is eridimtljr four times tlie quadrilateral 

AOBl ; hence it also sr AC * AB. 


XKXBCItS XIT.^ — FBOBtEM. 

To intcribe a circle in a gtren quadrant 

Let LMN be the quadrant, it is required to describe a 
cirde in it 
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Draw LP, bisecting the right angle MLN ; from P draw 
PQ parallel to LN, and PK, biseotiiig angle LPQ ; then 
from tt draw RO piurallel to LN, to meet LP in 0, and O 
is the centre oi the circle required, and OP or OB its 
radius* 


Fot draw OS parallel to LM. Then, since PLM is half 
a right angle, and ORL is a right angle f L ^ 

520), hence LOR is also half a right angle, — 
aha therefore LR = RO ; bat LR = OS 
(I. 34), whence RO = OS. Again, angle $ ^ r/ms 
uPR =: QPR hy construction, and QPR = Tyi / 1 / \ 
PRO, being alternate ( 1. 29) ; therefore OPR \ 

n PRO, and hence OR = OP ; wherefore ^ Ban 


OR, OP, OS, are all equal ; and a circle being dest.-ribed, 
witli any of these lines as radius from the centre 0, it will 
pass through the points P, R, B. It will also touch the 
radii LM, LN, bemuse the angles at R and S are r%ht, 
since SR it a rectangle (I. 4(1, Cor.) ; and it touches the 
arc MPN in P, for the line Oij, joining the centres, passes 
through P, and a perpendicular to LP at P would be a 
tangent to the quadrantal arc and the circle PRS. 


SXBKC18B XIII. — raOBtxu. 


To describe a circle that shall pass through a giren point, 
and touch a giren circle in a giren point 

Let KMT be the giren circle, and T the giren point of 
contact, and P another giren point; to describe a cirele 
passing through P, and touch bg KMT in T. 

Throng T draw the radius CT from the centre C, and 
produce CT ; job P and T, an< 
then O is the centre of the re* 
quired circle ; and if from O as 
centre, with a radius =s OP, a 
circle, PLT, be described, it will 
pass tbroui^ P, and touch the 
circle KMTbT* 

For angle P = OTP ; h^ce OT = OP, and the etncle 
touches MKT in T, because the rircks meet in T, and a 
Ibe perpendicular to 00 at T wonld be a conunon tangent 
to them (in. 10). 


make angle P ss OTF, 
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mKKBCOl KIV- — THEOEEM. 

If K <|iiadnlateral eiroumseribe a drole, any two of ita 
oppoiite tidiii are togelher eqtud to half its perimeter. 


Let ABCD be a quadrilateral circiimscribbg the <drde 
MNPQ, then AB + CD, or AD ^ BC, it r= to the half of 
AB-fBC + CD + AD. 



V'JT, ^ *T f — I. 

that it, the turn of two oopotita tides is equal to the sum 
of the other two tides ; wnerefore the sum of either pair of 
opponte sides is equal to half the perimeter. 


Con.— The stun of one pair of opposite sides of a qiiadri* 
lateral eircnmtcribifig a circle, is equal to the smu of the 
other pair td* «des. 


EXERCISE XV. — THKORIM. 

If every two alternate sides of a polygon be produced to 
meet, the sum of the salient angles thus formed, with eight 
right angles, will be equal to twice as many right angles as 
the figure h^ stdea. 

Let ABODE be a polygon, and let its lodei produced 
meet in F, O, H, T, K ; men the 
sum' of the talieot angles F, O, H, 

T, and K, with eight right all^^ 
is equal to the interior Engles of 
the nguft. 

The nninher rf ertangles exterior 
to the figure is evtdentljr equal to 
the number of sides, and the suin 
of their angles therefore equal to 
two right angles repeated ae often as the figure has sides 
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({. 32). But anr angle, as m, at the base of one iOf these 
triangles, is equal to the opposite an^e TAE ia the eoati- 
guoufi triangle AET ; hence, since tne angles m, n, % e, u?, 
are exterior angles of the polygon, they are equal to four 
right angles, and consequently all the angles at the bases 
of the triangles are together equal to eight mht angles ; 
wherefore the salient angles F, G, H, T, K, with twice the 
angles fn, n, n, e, ir, that is, with eight right angles, are 
equal to twice as many right angles as the figure has sides. 

Cor.-— T he salient angles are equal to the interior angles 
with four right angles; and therefore the salient angles, 
with four right angles, are equal to the interior angles of 
the figure. 

The proof will appear more clear and concise thus : — 

Let 8 denote the salient angles, 

B the angles at the bases of the triangles, 

I the interior angles of the polygon, 

R a right angle, and 
n the number of the poIygon*8 sides ; 
then since the exterior angles m, «, «, r, tc, are equal to 
their vertically opposite angu*s, all the luigles at the bases ; 
that is, 

B =: 8 right angles. 

But S -f* B = 2 R repeated as often os there are triangles, 
orS-h8R = 2Rx n. 

Again, I -f iE = 2 R x n (I. 32, Cor. 1) ; 
hence S-f-BRrzI-fdli; 

and taking away 4 R firom these equals, 
there remains S -f 4 R =: 1. 

KXXRCISK XVf. — TREOREM. 

If on two opposite sides of a rectangle semicircles be de> 
scribed lying on corresponding sides of their diameteni, the 
mixtilin^ space contained by their arcs, and the other two 
sides of the rectangle, is equal to the rectangle. 

Let ML be the rectang^, KPL, MQN, semicircles de- 
scribed cm its oppimte sides KL, MN ; then the mixtilineid 
space KMQNLP is equal to the rectangle. 
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F<»r fiNmi the wh<46 figure KMQ.NLK take away the 
lemk^rcle MQN, and there rmaiiis the 
reolaiigb KMNL; and from the same ^ \ 

Bgitre take away the other semicircle iCPL^ M — — ]sr 

and there remains the mbctiUneal space 
KMQNLP ; and since the semicircles are f ) 

equal, as their diameters are so, therefore ^ 

the remainders are equal ; that is, the pren rectangle ML 
is equal to the xnixtilineai space KMQNLP. 


KXBRCISB XVII. — PROBLEM. 

To describe a circle that shall touch two given lines, and 
pass through a given point. 

Let MN, NQ, be the two given lines, and P the given 
point ; to describe a circle through P, and touching MN 
and NQ. 

Draw NS bisecting angle MNQ (I. 0), then, hy the 8tli 
Exercise, find a point, H, in NS equidistant from P and 
the line NQ (by the 8th Ex.) ; and 11 is the centre of 
the required circle. 

For (b^ the 8th Ex. in First Hook) R is equidistant 
from MN and NQ, and also 
from P and NQ; hence RT, 

KM, HP, are equal, and a 
circle described from the centre 
R, with either of these three 
lines as radius, will 
through P, T, and M. The 
circle will also touch MN, NQ, 
for the angles at M and T are 
right angles. 



EXERCISE XVUI.^ PROBLEM. 

To describe a cirde that shaO touch two given lines and 
a given circle. 

Let MN, NQ, be the given lines, and PTU the given 
ctrde ; to descri^ a circle touchhiff the given lines and the 
given circle. (See Che 6g. to last Ex.) 
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Draw a line WX at a distance Irom NQ, eqtiai to the 
radius OP of the given cirdb, and pamlle! to NQ; bhuNst 
angle MNT by NS, and, as in the pieoedtng Exermte, find 
a point It in NS, the centre of a drae passing thtni^ O, 
the centre of the given circle, and touching WX in V ; 
thei| E is the centre of the required circle* For draw the 
radius RV ; then, as in the lOth Exercise, it can be easily 
^ved that, since RV =r RO, TV =: PO, and therefore 
RT RP, the circle described from H as a centre, 
with either RT or RP as a radius, will toudi the circle 
PTU in P, the line NQ in T, and consequently (by the 
preceding Ex.) it will also touch NM ; hence MPT is the 
required drde. 


FIFTH BOOK. 


EXERCISE 1. — THBOREU. 


If all the terms, or any two homologous tams, or the 
terms of either of the ratios of an analog, be multiplied or 
divided by the same number, the resultmg magnitudes art 
still proportional. 


Let A : B r= C 9 D, and m, ai^ two numbers ; then, 
First, mA : mB =: mO j mD. 

Seooad. = 

mm mm 


Third, 

Fourth, 

Fifth, 

Sixth, 


mA:Brr9itC:D. 

-A:B = ic:D. 
m m 

mA;mB = C;D. 

i-A:iB=sC.D. 
fit m 


first. Since A s B ss mA : mB, and Ci D ar mO : mB 
(V. 15X henoe, firom equal ratios (V. 11), mA:mBs; 
iiiC:mD. 
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Secottil. Siioe A and B are multiples of and by 

iw iw * 

m, tiierefoie A : B = (V. 35); similarly, C : D ==: 

IjCi-D; consequently (V. 1 3 ) 1 a : 1b = : ^D. 

mm • ' m tn , m m 

Third. Since A : B = C : D, therefore (V. 4, C<m*,) mA : B 
= mC:D. 

It is similarly prored that A : itB C : nD ; for this is 
the case of m =: 1 in V. 4 ; as in the corollary in the case 
uff>=:=l. 

Fourth. Snce A : B =: C : D, by alternation A . C = 

B : D ; and therefore, as in the second case above, —A : — C' 

mm 

= B : D ; and acain, by alternation, • - A : B = —C : D. 

^ m m 

FifUi. Since A : B rr C : D, and (V. 15) A : B = 
m A : mB, therefore, by equal ratios (V. 11), mA : mB =: 
0 1 0. 

Sixth. Since A : B == C : D, and since A, B, are equi- 

1 1 

multiples of —A, — B, by m; therefore (V, 15) A:B s= 
—A X — B ; and consequently (V. 1 1 ) A ; — B ss C : D. 
xxnnciMS ii. — tuxo&bm. 

If any number of nu^itndes be hi continued proportion, 
the difTerence between the first and second terms is to the 
first, as the difference between the first and last to the sum 
of ail the terms except the last. 

Let A, B, C, D, E, be in continued proportion, then 
A^B:A=:A-E:A + B-hC + D. 

Since (V. Def. 15) A:BsB:C, BiC=:C:D, and 
CtD = b : E ; therefore (V. 12) 

A:B=: A-f B + C4'l>:B-bC4-I> + E. 

Hence (V. D), by conremion, A:A'^B=:A-^B-fC + 
1> : A ^ ; for Prop* 1) ofV* is true when the diffeiencsa 
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of A, B, nnd of C, B, are taken in ti^ case of A, and 
consequently D ^ C ; also the difference between the third 
and fourth terms above is evidently A ^ E. By inversion 
of the last analogy, 

A-B:A = A-E:A + B4-C + B. 

KXKKCISE III. — THEOREM. 

If the same magnitude be added to the terms of a ratio, 
it will be unchanged, increased, or diminished, according as 
it is a ratio of equality, minority, or majority. 

Let A, B, be the terms of ^ ratio, and C a third quan- 
tity; then. 

First, if A = B, A-f-C:B-hC = A:B; 

Second, if 

Third, if A;^B, A+CiB + C-.-: A:B. 

First. Since A = B, therefore A -f C =: B C ; there- 
fore (V. 7) A 4* C : C = B -f C : C, and by alternation, 
A+v J B -f-0 = C : C. It is similarly proved that A : B = 
C : Cf; and consequently (V. 11) A4-C:B-fC=:A:B. 

Second. Here A B ; and if B — A =: D, then B = 
A + B. 

lx‘t /? be such a number tliat pC A ; also, let ?iB be 
the least multiple of B that exceeds /;A, so that 
pA ^ nB ; and hence pA -f A nD, or r= »B ; 
and consequently pA +pC tiD, or /? ( A -f C) «B. 

Let m be a number, such that m == n -f or p =: 
w — ii; 

then, siztce pA ^ wB, pi=zm — n, and B = B — A ; 

therefore (•» — n)A^n(B — A); 

or, mA—wA^aB — «A; 

whence mA ^ nB, by adding nA to each of the preceding 

unequals. 

Again, since y? ( A 4* C) nD, 

therefore pA-^pC':p^n{B — A); 

or, laA — nA4****C — nC::^nB — nA; 

that ia, mA 4- mC wB -f wC, by adding n A -f nC to 
each of these uneqoala. 

Wherefore m f A -4- a f B -4- CV 
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Bui it was nroTcd aWe tliat mA^nB; 0(mi«qiientIy 
(V.Drf. 14) A4-€:B + C::?^A:a 

ThiitL Here A::?^B'; and if A— -BrrD, then A =: 
B4^D, 

Let p be «ueh a number that pC B ; also, let wtD be 
the least multiple of D that exc^s eo that 

nB mD ; and hence pli -f B mD, or = mD ; 
anil conscijucnUy ^B+pC:P^ mD, or /> (B -f- C) mD. 

Let n be a ruimoer such that nrrm-f/?, or/>=:n — m; 
then, since />B mD, n =rn — m, and D = A — B ; 
therefore (n-^m)B (A — B) ; 

or, wB — mB-<:rmA — mB ; 

whence «B ^ wA, or mA «B, by adding mB to each 
of the preceding unequals. 

Again, since y? (B -jp C) mD, 
therefore pB-\-pC’:p^ * 

or, fiB — mB -f fiC — mC m A — mB ; 

that is, wB + «C m A -f mC, by adding mB -f- mC to 

each of these unequals. 

Wherefore n (B 4 - C) m ( A -f- C), or m{A’^C) ^ 
^t^ifc^was prored aboTc that mA wB ; consequently 

FXXRCISR IV. — TUBORKU. 

Tlie difference of the succe«iiTe terms of a series of con- 
tinued proportionals are also in continued proportion. 

Ixft A:B = B:C, B:C=:C:D, andC:D = D:E; 
then, if A B, A — -B : B — C = B — C : C — D, and 
B~C:C-~D = C~.D:D~-E. 

For since A : B r= B : C, 

therefore, by division, A — B : B =r B — C : C ; 
and alternately, A — B : B — C = B : C. 

Again, because B : C = C : D, it it similarly proved that 
B — C:C — D=:C:D. 

But by hypothesis, B : C =11 C : D ; consequently, by equal 
ratios (V, 11), A — B : B — C = B— -0 : C— ■!>. 

It is siinilaHy proved that B — C : C—D = C— D : D— E; 
continently A — B, B — C, C — D, and D--.E, are in 
continaed proportion. 



I^e m ; m is, 

serial# liatlieabofe 

case, when A the series is miiitntiy im&mm 
when A B, then B C, also C^D, and 

^XKBCISK V.-~THBOIlBM. 

Thtt first term of an infinite decreasing series of ^tun* 
tides in continued proportion, is a mean proportionm be^ 
tween its excess aoove the second and the sum of the 
series. 

For whatever he the number of terras <ff the series, it is 
shown, as in the 2d Exercise, that, Z denoting the last 
term, S the sum of all the terms, and A, B, the first and 
second terms, A — B:A = A — Z:S — Z. 

But the series may be so for e^tftended, that the last term 
Z will be less than any assigmhle quantity, howerer small ; 
hence the limits of the rmues of A — Z and S<->->Z are 
A and 8 ; therefore 

A — B : A A : S. 


SIXTH BOOK. 

SXXBCtSX I. — THXORSU. 

Lines that intmect any three parallel lines are cut pro* 
portionally* 

Let the two lines AE, BF, intersect the three parallel 
lines AB, CD, EF; then AO * OE =± BD : DF. 

For prince AE, BF, to meet in O ; thmi (VI. 2) since 
CD is parallel to AB, a tide of the 
triangle ABG, 

AC:CO=:BDiDO; 
alternately, AC t BD = CO : DG. 

Agmn, b^uae CD is narallei to EF, 
a side of the triangle EFO, therefore 
CEjCG = DF:DG; 
and al^nately, CE : DF CG : DO. 




mxm sexx. 


Bitliiimii|tOTedabo^^tfti Adi BB sr CO: DO ; 
wW«fof% by equal rotloc, ^ AOtBD «s CE : IMT ; 
orahmit^t AC:CE:r:BD:DF« 


IEXSSCI88 U. — niEOESlI. 


If a atraiglit line be diTtded into three aeputetits^ 8Qch 
that the rectangle under tbe whole line and the middle 
negment is equm to that ander the extreme e^ftneiita, the 
line k cut haimonically* 

Let the line MN be cat into three tcgmentf in P and 
each that MN-PQ=MP QN; then will MN:NQ = 
MPiPQ. 

anoe MN • PQ = MP • QN, therefbre (YI. 16) the 

tides of these rectangke are reci — 

procaliy proporttonal ; r If 

hence MN:NQ = MP:PQ, 


KXKKCI 8 B III. — TUEOaKM. 

If from any point in the circumference of a circle a per- 
pendicular be orawn on any radius^ and a tangent from the 
same point to meet the radius producedi the radius will be 
a mean proportional between its segments, intercepted be- 
tween tbe centre and the points of concourse. 

I^t PVS be a circle, V any point in its circumference, 
PS a diameter, VX a perpendicular on it frpra V, and VT 
a tangent meeting tne diameter produced in T ; then 
WX?WS = WS:WT. 

For joi n V, W ; then, since angle W k common to the 
triangles WYX, WTY, and an^ ^ 

WYT, WXV, are an^e^ / /V 

therefore (I. 32) their remaining / / ] 

angles are equal, and the triangles ^ V ^ "xTm \ 
are eqaiangulw ; hence ( YI. 4) \ / 

WX:WY=r:WV:WT; ^ 

and since WV = WSy WX : WSs= WSiWT. 


EXiaCISE IV. — THEOaStf* 


If arcs of different circles have a eonunen chords fines 
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diverging from one of its extremities wiD cut the tores pro- 
|>ortionaIly. 

Let the arcs AEB, ACB, of two dilSerent circles haye a 
common chord AB ; then if the lines AC, AD, be drawn, 
BF:FE = BD:DC. 

For (VI. 33) BF : FR = angle BAF ; angle RAF ; and 
also BD : DC = angle BAF : angle EAF ; 
for angles BAF, EAF, are just tne angles 
BAD, CAD. 

Consequently, from equal ratios (V. 11), 

BF:FE = BD:DC. 

EXERCISE V.^ — PROBLEM. 

To cut a straight line harmonically. 

I^t AB be the given line to be divided harmonically. 
Draw any line AE, and on it 
take any two segments AD and 
DC, and make OE =: CD ; join 
( 'B, and draw DF parallel to . 

CB ; join EF, and draw CG a G f h 
parallel to EF, and AB is cut harmonically in G and F. 

For since DF is parallel to CB, the triangles ABC, AFD, 
are similar ; and for a similar reason, AE^F and ACG are 
also aimihu* ; consequently 

AB:BF = AC:CD (VI. 4); 
but AC : CD = AC : CE, l>ecau8e CE == CD ; 
also AC : CE = AG : OF (VI. 4) ; 

since the second ratio of the hrst of these three analogies, 
iind the first ratio of the third, are equal, the first ratio 
must be equal to the last ; that is, 

AB»BF = AG:GF; 
whence AB is cut harmonically. 

Or, more concisely thus : 

AB i BF == AC :CD (VI. 4) = AC : CE = AG : GF (VI. 4) ; 
hence AB;BF == AG;GF, or AB: AG = BF;GF (V. 
Ifi). 

Sc 80 UU.M. — It is evident that the line AD could be cat 
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haroioiitcally in any ghren ratio ; Ibr if the ratio of any 
tivo lines M and N is the giTen ratio, AC and CD could 
be made respectively equal to M and N, and tlicn AB would 
be cut bannonically in the given ratio. 

A line can therefore be cut internally and externally in 
the same ratio (II. Dcf. 3, 4). 

For if any line AF were given, it could be cut in G, and 
produced to B, so that AB : BF = AG : GF, by joining 
DF, and drawing CB parallel to I)F, and then joining 
EF, and drawing CG pcurallel to Eh\ (See VI, A, Scho- 
lium 1). 

KXKKCISK Vr. — PKOBI.KM. 

To find a line such, that the first of two given lines shall 
l»e to the second as the square of the first to the square of 
the required line. 

Let P, Q, be two given lines ; it is required to find a 
third line X, such that P ; Q = I^ : X*. 

Find a line X, a mean proportional between P and Q 

(VI. 13). then P : X m X : Q ; and P 

consequently P : Q in the duplicate Q 

ratio of P to X (V. Def. 18) ; but this X 

hitter ratio is that of P* to X* (VI. 20, Cor. 3) ; 
hence PcQrxl’^rX* 

EXEBCISE VII. PBOBLESf. 

To find a line such, that the first of two given lines shall 
lie to it as the square of the first to the square of the 
second. 

iM P, Q, be two given lines; to find a third line X, 
such thatP:X = P:Q» 

Find a third proportional X, to the lines P and Q; 

then P : Q =: Q : X ; and therefore, P 

as in the preceding exercise (V. Def. a 

18, and VL 20, Cor. 3), P:X = x 

P*:Q» 

EXERCISE VIII. — PROBLEM. 

From a given angle, to cut off a triangle equal to a 
£ 
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given space, BO that it» sides about that angle shall have a 
given ratio. 

Let BAG be a given angle, N, two lines in a givoa 
ratio, and 8 a line whose square is the gi^en ; to cut 
off, by a straight line DE, a tnangle ADE = S^, and such 
thatAD:AE = M:N. 

Make AB = M, and AC = N, and join BC ; then 
AB i AC is the given ratio. Find the 
side T of a square equal to the triangle 
ABC (II. 14); and find AD a fourth 
proportional to T, S, and AB (VI. 12), 
and draw DE paraUel to BC ; then 
ADE is the required triangle. m — 

For (VI. 22) T* : 8» = AB* : AD* ; n 

and ( Vl. 22, Cor. 3) triangle ABC : a 

triangle ADE = AB* : AI>* ; t 

hence ( V. 1 1 ) triangle ABC ; triangle ADE = T* : S*. 
But triangle ABC =1'* ; hence triangle ADE = S* ; also 
AD : AE AB : AC, since DE is parallel to BC (VI. 2) ; 
wherefore AD : AE =: M : N. 



EXKnCISI IX. — FROBLBM. 

To cut off from a given triangle another similar to 
in a given ratio to it. 

Ijet ABC be a triangle, and M, N, two lines, to 
from ABC another triangle ADEi similar to ABC, 
AI)E:ABC = M:N. 

On AB describe the semicircle ABG ; and cut off 
that AB: AF = N : M (VI. 12) ; draw c 

¥Q perpendiouiar to AB, and join AO , 

and BGt ; moke AD = AG ; ww DE 
parallel to BC, and ADE is the required / \ 

tnangle. A f™ — rv“ ^ 

For(VI.a,Cor.) AB:AF=: AB*: ^ j . 
AG*; but AB:AF=:N:M, and AI) 

== AG ; therefore N ; M = AB* ; AD*. g - ' 
Again, the triangle ABC : triangle „ 

ADE = AB* : AD* Vvi. 20, Cor. 3) ; ^ 
wherefore triangle A^ : triangle ADE 
ws hr • Jd# 


cut off 
so that 

AF, so 
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KXEftCISB X. — PHOBLIM. 

Through « point in a circle, to draw a chord whote 
segments shall hare a giren ratio. 

Let KFL be a giren circle, and the ratio of the lines 
M, N, the giren ratio, and P the given point ; to draw a 
chord OF through P, so that GP : PF = M : N. 

Thnoei^ P draw the dkineter KL, and PQ perpendi- 
cuiar to U; make AB (fig. to 9th Ex.) 

= M, and AO = N, and find a line T a. /" 
mean pjmportionoi to AB and AC ; then / 
find Al> a fourth proportional to T, P<^ p p 
and AB ; and draw DE parallel to BC ; 
then AD, AE, are the reouired segments X 
of FG. Make PG = AD, and produce 
PG to F, and PF is the retjoired chord, m 

StnceT*:P<i*=:AB*:AD*(VI.22); n — 

and since the rectangles BA * AC and T 

DA * AK are similar, for BA : AC = AD : AE, therefore 
BA • AC : D A • AE =: AB* : AD* (VI. 22, Cor. 3) ; 
consequently BA • AC : DA * AE = T* : PQ* ; 
hut, by construction, BA :T = T ; AC ; whwfore (VI. Hi) 
BA * AC = T* ; therefore (V. 14) DA * AE =: PQ» ; but 
PG • PF = PQ» (III. 35) ; also AD = PG ; wherefore PF 
= AE. Again, hy construction, AD : AE = M ; N ; there- 
fore TO:PF=M:N. 


EXBBCISE XI. — PBOBLEU. 

Given the base, the altitude, and tbc ratio of the sides 
of a triangle ; to construct it 

I^t FE be the hose of a triangle, the altitude a tine H, 
and the ratio of the sides that of two Knes M and K ; to 
construct the tnangle. 

Place M and N contiguous, and in a line, then cut FE in 
A in the ratio of M to N (TI. 10) ; produce FE, and cot it 
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in C, 80 that FC : CE M : N 
(Ex* 5, Scholium). Then on AC, 
at a diameter, describe the circle 
ABC ; draw from A a perpendi- 
cular to FA, and equal it (not 
represented in tbedigure), and 
throuA its tipWT extremity draw 
a parmtel to FE, cuttinj^ the circle 
ABC in B (as in the 1 7 th Ex. of 
the Fourth lh)ok) ; then draw BF, BE, and BEF u the 
required triangle. 

Join A B, BC, and draw the radius BD ; then, since by 
construction FA : AE = M : N, and FC : CE = M : N ; 
therefore FC : CE = FA : AE ; hence, 
by alternation (V. 16), CF : FA = CE : EA ; 
by muring (V. G), ( F + FA : CF — FA = CE -f E A ; 
CE — EA. 

But CF 4- FA %= 2 FA -f 2 AD = 2 FD, 

CF — FA = AC = 2AD, 

CE-f BA=rCA=:2AD, 

CE— EA=AD4-DE— EA=:AE-f2I)E— EA=2DE; 
wherefore 2 FD ; 2 AD = 2 AD : 2 DE, 
or (V. Ifi) FD: AD = AD:DE, or ED DF = AD»; it 
therefore follow’s, hy VI. F, that FB : BE =: FA : AE; and 
consequently FBE is the required triangle. 

Cor. 1. — ^The circle ABC is the locus of the rertices of 
all the trian|^ that can be constructed on FE as a base, 
and haring Umir sides in the giren ratio of M to N. 

CoR. 2. — If a line, as FC, l>e cut in A and E, so that 
FC:CE = FA:AE; then also FC : FA =r CE : EA. 

Cor. 8. — If the segment AC, made up of the middle and 
an extreme segment, be bisect^ in D, tlien DF, DA, and 
DE, are in continued proportion ; and conrersely. 

EXBIICISJI XU. — THBOEKM. 

If from the extremities of the base of a triangle, lines be 
drawn Insectin^ the opposite sides, they will mride each 
other in the ratio of two to one. 
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Let ABC be a triangle, and AK, BD, line* from A and 
B, bifectmg BC, CA, in E and D ; then AO : OK = 2 : 1, 

andB0;0D = 2:l. 

For join DE ; then rince CD = DA, and CE ss EB, 
thmfore CD : DA = OE : EB, and con- 
•equently (VI. 2) DE i« norailel to AB ; a 

wherefore angle CDE r= CAB, and CED / / \ 

= CBA (L 29), and the trianglci CDE, < ^ 

CAB, are equiangular ; therefore (VI. 4) / ' 

CD : DE = CA : AB ; / 1 \ 

or altamtflf, CD : CA = DE : AB ; 

but CD = 4 CA ; therefore DE =: i AB (V. C). 

Now, trtanglet AOB, DOE, have the vertical angles at O 
equal (I. 15), and the alternate angles at D and B are 
equal, wherefore the triangles are similar ; hence (VI. 4) 
AO : OE 5= AB : DE ; but AB = twice I )E, therefore AO = 
2 OE ; and it is similarly proved tliat BO =l 2 01). 


IIXERCISK XIII. — TUEOaEM. 

If a line be drawn parallel to the base of a triangle to 
meet the sides, and the alternate extremities of this line 
and of the Iwise be joined, the line drawn from the vertex 
through the intersection of the connec'ting lines will bisect 
the Ime, and will be cut harmoniailly. 

Let ABC (fig. to last Ex.) be a trianfi^e, and DE any 
line parallel to the base AB, and cutting the sides in 1) and 
E, then CO produced, bisects the base in G, and CG b cut 
harmonically ; or CG : CF = GO : OF. 

The triangles CDP and CAG are similar, mnce DE is 
parallel to AB ; hence 

CG : CF = CA :CD (VI. 4, and V. 16). 

Again, as in the last Exercise, it b proved that the triangles 
ABC, DEC, are similar ; hen^ 

CA:CD=: AB. DE; 

but, as was proved in the preceding Exercbe, the triangles 
ABO, DEO, are similar ; therefore 

AB.DE = AO:OE. 
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Now, tjie triangles AOG, FOEI, are similar, since their Yet- 
ticai angles at U are equal, and the alternate angles at A 
and E ; wherefore AO : OE = GO : OF. 

In the last four analogies, the second ratio in each is the 
same as the hrst of the succeeding analogy ; hence the hrst 
ratio is equal to the last ; or 

CG:CF=:GO:OF; 
that Is, CG is cut in harmonic proportion. 

Again, in the similar triangles CGB, CFE, 

GB:FE = C;0:CF; 
and in the similar triangles AOG, FOE, 

AG:FE = GO:OF; 

but it was already nrored that CG : CF = GO : OF ; 
wherefore, by equal ratios (V. 11), 

OB j Ffe = AG : FE ; hence (V. 14) AG = OR 


IXERCI8K XIV. — TIIKORKM. 


The inclination of two chords of a circle is measured }>t 
half the sum, or half the difference, of the intercepted arcs, 
according as they intersect internally or externally. 

ABED be a circle, and AD, DC, two chords inter- 
secting in 0 ; then, 


First, When the section is internal, angle AOB is mea- 
sured by half the sum of the intercepted arcs AB, CD. 

For draw DE parallel to BC ; then 9th Ex.) arc 
Cl) =: BE ; wherefore arc AE =: AB -f BE 
= AB + CD. But angle AOB = D, and 
D it equal half the angle at the centre, 
standing on the arc AE (111. 20), which 
may be measured by tli^ arc (VI. 33, 

Cor. 2) ; hence angle D or AOB is mea- 
sured by half the arc AE, or by half the 
sum of AB and CD. 



Secondly, Let the section be external, then angle AOB 
is measurod by half the difference of the intancepted arcs 

AB,Ca 



nXTB BOOK. 


67 


For if DE be drawn parallel to BC, 
then, as in the preceding case, arc CD =: 
BE. and angle O = ADE. But angle 
ADE is measured by half the arc AE, 
which is the difference between the arcs 
AB and BE, or AB and CD ; wherefore 
angle 0 is measured by half the difference 
between the arcs AB and CD. 



KXEKCIBB XV. — tubohsii. 

If three linea be in continued proportion, tlie first is to 
the third as the square of the difference between the ftrst 
and second, to the square of the difference between the 
second and third. 

I^et A, B, C, denote three lines, such that A : B =: B : C. 
then AiC=:(A-B)»:(B-C)*. 

For by conversion (V. 1).), A:A^B=:B:B^C; 
by alternation (T. 16), A:B = A^B:B~C; 
consequently (VI. 22, Cor.), A* : B* = ( A - B)* : (B - C)®. 
But (V. Def. HI, and VI. 20, Cor. 3), A : C = A* : B» ; 
therefore, by equal ratios (V'. 11), A:C = (A^B)*: 

KXKRC18K XVI. — TIlEORKy. 

If a line bisect the angle adjacent to the vertical angle of 
a triangle, and meet the Imse produced, the difference be- 
tween the square of that line and the rectangle under the 
external sei^ents of the base, is equal to the rectangle 
under the sides of the triangle. 

I^t ABC be a triangle, CP a line bisecting angle BCE 
adjacent to the vertical angle, and cutting the base AB pro- 
duc«-d in P, then AP • PB — CP* = AC * CB. 

I>raw CD, bisecting angle ACB ; then since angles ACB, 
BCE, together are equal to two 
right angles, their h^ves DCB, 

BCP, together will he equal to 


one right angle, or DCP = a ri^t 
angle ; hence CD* + CP* = DP*. 
ButfVLBXAC CBsAD DB 
-fCb*; 
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adding CP® to these equals, 

AC CB4-CP®=: AD DB + CD® + OF*; 

= AD * DB 4“ DP® ; since it was 
above shown that CD® + CP® = DP®. 

Now (IL 4), DP® = DB® + BP® + 2 DB • BP, 

= DB® + BP® + DB • BP -f DB • BP. 
Hence AD*DB-f-DP® = AD DB + DB®-fDB BP4- 
DBBP + BP®. 

But (IL 1) AP DB=:(AD + DB-f BP)DB = AD DB 
+DB* + BP*DB; 

and (II. 3) DP • BP = DB • BP -f BP*; 
csonsequentJy AD • DB + DI>* =r AP • DB -h DP • BP. 
Now (VI. A., Cor.) AP is cut harmonically in D and B, 
hence AP:PB = AD:DB; 

therefore (VI. 10) AP • DB =: AD * BP. 

Wherefore AD * DB -f DF = AD • BP + DP • BP == 
(AD-f DP) BP = AP BP. 

And since it was formerly proved that AD * DB -f DP* = 
AC • CB 4- Cl« ; consequently AC • CB 4- CF = AP * BP ; 
or the difference between AP*BP and CF, is equal to 
ACCB. 


EXKRCI8B XVn. — THEOREM. 


If two tangents and a secant be drawn to a circle from a 
point without it, and the points of contact be joineti by a 
straight line, the secant will be cut harmonically. 

Let ABD be a circle, PB, PA, two tangents to it (mm 
any point P ; join AB, and draw any seawt PD from P, 
and it is cut harmonically ; that is, DP : PF = DE : EF. 

For the tangents AP, BP, are equal (III. 37, Cor.) ; 
hence ABP is an isosceles triangle; 
therefore (IL D.) PB»— PE®=BE EA, 
and (III. 35) BE EArrDE EF; 
emisequen^ PB* PE® = DE EF ; 
that is, PB* exceeds PE* by the rect- 
angle DBEF; or 

PB®=:PE*4-DKEF. 



But (HI. 36) PB»=:PD PF; 
ooiiiequ«n% PD PF = PE® 4- DE EF. 
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Now (II. 1) PD PF=:DE PF-fEF PF + PF; 
a»d (II. 4) PE* = El?'* -h PF* 4- 2 EF • PF ; 
therefore DE • PF -f EF • PF 4 PF* = EF* 4 PF'* 4 
2EFPF4DEEF. 

From both these equal quantities take away the equals; 
namely, EF’’ • PF\ and also PF, and there remains DE • PF 
= EF4EF PF4DE EF, 

But (II. 1) EF*DP=:F:FDE4F:F*EF4EFPF; 

consequently DE * PF = DP • FIF' ; 

or (VI. JO) DP:PF = DE:EF; 

and therelbre (VI. Def. 5) the secant PD is harmonically 

dirided. 


EXKRCISI XVUI, THEORKM. 


If two triangles hare two angles together equal to two 
riglit angles, and other two angles equal, the sides about 
their remaining angles are proportional. 


Let ABC, BDEl, be two triangles haring the angles at 
B supplementary, and the rerticm angles ^ 

ACB, BED, equah then shall A 

CA:AB=:ED:DB. UA 

For having placed the triangles with / \ \ 

their supplementary angles contiguous, so / / \ \ 

that the sides opposite to the equal angles _ / _ \ \ 
may be in the same straight line aBf\ ^ ^ 

then draw CF parallel to ED, and therefore (L 29) angle 
BCP =: BED =1 ACB ; consequently angle ACF is bisected 
by BC ; and hence (VI. 3) 

AC.CFrr AB. BF; 

or alternately (V. 10), AC : AB = CF' ; BF'. 

But triangles BCF', BED, are evidently similar, and hence 
CF :BF' = ED : DB ; whence, by equal ratios (V. 11). 
AC:AB = ED:DB. 


XXIBCISS XIX. THXOREM. 

If a line be drawn through any pomt in the base of an 
isoeoelet triangle, so as to cut off from one side, and add to 
the other, equal segments, it will be bisected by the base. 
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ABC be on isosceles triangle, and let the line DGE 
cut off the segment AD from one side c 

AC, and add the equal segment BE to A 
the other side BC, then will DE be hi- / \ 
sected in G. / \ . 

For an^e A = ABC (I. 5) ; but \ 

ABC + ABE = two right angles ; hence / \ 

A -h GBE = two right angles ; dso the J 
vertical angles at G are equd ; it follows, ^ 

therefore (Ex. 18), that in the two triangles ADG, BGE, 
the sides about the angles at D and E are proportional, or 
AD : DG = BE : EG ; whence (V. 14) DO = GE, because 
AD is given = BE. 


BXKRCISB XX. — THBOEEM. 

If from the angular points of a triangle, lines be drawn 
through any point within it to meet the opposite sides, and 
if from the point of section of the base, lines be drawn 
through the other two points of section to meet a line 
drawn through the vertex parallel to the base, the inter- 
cepted portion of the latter is bisected in the vertex. 

Ijet ABC be the triangle, and 0 the point within it ; AD, 

HE, CF, the lines through it firora the Cr (' u 

anjrulur points, GII a line parallel to \ 7\ / 

AB ; tmd produce FD, FE, to G and \ / / \/ 

U ; then is GC = CIL 

For draw El, DK, parallel to CF, 
then the triangles A ME, AOC, are 
similar ; as also AIM and AFO ; BOC Ai F K b 
and BND ; and also BOF and BNK ; hence (VI 4) 
EM:CO = AM;AO,and AM : AO = llI:OF; 
hence, from equal ratios, EM : CO = Ml : OF ; 
and alternately, EM : Ml =: CO : OF. 

In the same manner it k proved that DN ; NK =r CO : OF ; 
whence, from equal ratios, Ehl : Ml DN : KK ; 
by addition, EM : El = DN :DK ; 
or by alternation, El : DK =i EM : DN. 

Bui beeause the triangles £OM, DON, are mantfettly 
similar, EMVDN = CM : CD, 
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ana(VL2) OM:OD = IF:FK; 

whence, frcin equal ratios, El : DK = IF : FK, 
and alt^atel^ El ; IF = DK : FK. 

But triangles EIP and GCF are evidently similar, since El 
i s par allel to CF, and CG to IF; and hence angle lEF 
CFE, and EFI rrFGC; and it is similarly shown that 
triangles DKF, CFII, are similar ; ^ 
whence E[:IF = FC:CG, 

and DK:KF=:FC:CH; 

whence, hrom equal ratios, FC : CXr = FC ; CII ; 
consequently (V. 14) CQ = CH. 

The proportions ma^ be stated more concisely thus, after 
proving the various triangles similar as above : 

EM:MI = CO:OF = DN:NK,orEM:MI=:T)N:NK. 
By addition and inversioo, El : EM = DK : DN. 

Or El : DK = EM : DN = EG : ON = IF : FK ; 
whence El: IF = DKrFK ; 

and FC:CG=:EI:IF=:1>K:KF= FC:CII; 
and hence CG =: CH. 

KXEKCISB XXI. — TIIBOBEU. 

If from the extremities of the base of a triangle, lines he 
drawn ^rough any point in the perpendicular to meet the 
sides, lines ioining the points of section of the sides with 
that of the base, will m^e equal angles with the base. 

In the preceding Exercise, it was proved that CGrrCII; 
and hence, when CF is perpendicular to AB, or to its 
paraliei GH, then the two triangles FCG, FCH, have the 
rides FC, CG, respectively equal to FC, CH ; and the con- 
tained angles being then right angles, therefore the triangles 
are everyway equ^ ; and hence angle CFG ;= CFH. 

XXXaCtSB XXIL. — TOMOStMM. 

Hannonicals cut all straight lines that intenect them 
haniKmicaUy. 

Lei CM, ON, OP, OQ, be hannonicals, and EU any 
line intersectiiig riuun, then KU is cut harmonically* 
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For the hannonicals roust cut some line harmonicallr 
(VI. Def. 8) ; let MQ he this line, 
and draw VW and XY parallel to 
OM. Then, since VW is parallel to 
OM, the exterior angle P and inte- 
rior M are equal, and also the angle 
Q is common to the two triangles 
l^V and MQO ; they are therefore 
similar (1. 32, and VI. 4). Again, 
in the triangles PNW and MNO, the alternate angles at P 
and M are equal, and the vertical angles at N, therefore these 
two triangles are similar ; and for exactlv similar reasons 
the triangles TUX, RUO, STY, and RSO, are similar; 
wherefore* MO : PV = MQ : PQ (VI. 4), 
and MQ : PQ = MN : NP (hy hjrpothcsis) ; 

also MN:NP = MO:PW (VI. 4); 

and since the second ratios of the first and second of these 
three analogies are the same as the first of the second and 
third respectively, the first ratio must he equal to the last ; 
that is, MO : PV = MO : PW ; 

jind consequently (V. 14) P V = PW. . . . [2] 

AmdUy since XY is parallel to VW, the triangles OTY, 
OPW, are similar, and also OTX, OPV ; 
consequently P W : T Y = OP : OT ( VI. 4), 
and OP:OT = PV:TX; 

whence, by equal ratios, PW : TY = PV ; TX (V. 11); 
but PW = pV by [2] aW ; hence TY = TX (V. 11). 

By simUar triangles, RU : TU = RO : TX (VI. 4), 
and RO :TX = llO :TY, for TX =:TY; 
also RO:TY = RS:TS(VI. 4); 
hence, by equal ratios^ UU ; TU =r IIS : TS ; 
and therefore RU is cut harmonically. 


The demonstration may he more concisely stated thus, 
alter proving the various triangles concerned to be similar : 

MO : PV = MQ : PQ = MN : NP = MO : PW ; therefore 
PV = PW. 
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iJiso RU:TU=:RO;TX=:Rb:TY=:RS:TS; or RU 
is cut httituoilicalljr. 

Cob. — I f the harmonicalt OM, ON, OP, OQ, cut a line 
MQ, harmonically, and if another line R'U be cut harmo- 
nically, »o that one of the harmonicals nasses through one 
of ite extremities U, and other two of them through two of 
the points of harmonic section S atid T, then the fourth 
harmoni<»l OM must pass through its other extremity R. 

For if not, let R' be the other extremity of the line that 
is cut harmonically, then 

RlTiTU = R'8;CT, by hypothesis ; 
hut RU : TU = RS : ST, by the Exercise ; 
whence 11 V : R'S = RU : R8 ( V. 22) ; 

and K'U : SU RU : SU, by conrersion ; 

hence R'U =: RU (V. 14) ; 

wherefore E and R^ must coincide ; that is, the point R in 
the line OM must be the other extremity of the line. 

SXBHCISB XXIII. — THEOaEM, 

If lines l>e drawn from the angular points of a triangle, 
through any point within it, to meet the opposite sides, and 
the points of section l>e joined, the former lines will be cut 
liarmonically ; and if these lines be produced to meet the 
sides produced, the latter will be cut harmonically. 

Let ABC be the triangle, and 0 the point within it, and 
through O draw Af>, BE, 

CF, and join DE, £F, and 
FD ; then AD, BE, CF, are 
cut harmonically. 

For produce FE and FD 
to G and H, and draw IK 
and GCH parallel to AB. 

Then, since GH is parallel to * a sf 

IK, the triangles GCF, IGF, are similar, and also the tii- 

aiM^ HCF and OKF ; therefore 

GC:10 = CF.0F,andCH:0K=:CF:0F; 
hence (V. 11) GO : 10 CH : OK, and GC c= CH (Rx- 
20 ); hence (V. 14 ) 10 = OK. 




74 


KEY TO PLANV <amf£TnT. 


Aran, the tmngles ADF, ODK, are similar, and also 
ArF and OPI, because IK is pamllel to AF ; 
wherefore AD: DO = AFrOK, and AP : PO t= AF: 10; 
but the second ratios of these last two analogies are equal, 
because OK = 10 ; 

whence (V. 11) AD:DO = AP:PO; 
consequently AD is cut harmonically; and in the same 
manner it can be shown that BE and CF are similarly 
cut. 

Let DE, £F, FD, be produced to meet the opposite sides 
in N, M, and L, and these produced sides aIj, BM, BN, 
are cut htirmonically. 

For the triangles ALF, CLH, are similar, and so are 
AEF, CEG, since GU is parallel to AF ; 
whence AL : LC = AF ; CH, and AE : EC =: AF : CG ; 
hut the second ratios are equal, since CG = CH, 
whence ( V. 1 1 ) AL : LC rr AK : EC ; 
consequently AL is cut harmonically; and in the same 
manner it is proved that BM and BN are cut harmoni- 
cally. 

KXBRCISK XXIV. — THBORBU. 

If through any point within a triangle lines be drawn 
from the angular points to meet the opjiosite sides, and the 
lines joining the points of section be produced to meet the 
sides produced, the three points of concourse are in one 
line. 

Let ABC (fig, to last Ex.) be the given triangle, O the 
given point, and Ij, M, N, the points cl concourse ; they 
ure in one straight line. 

For join LB ; then, because tlie lines LB, IiF, LA, and 
LN, cut BN haimonically (last Ex.), they are Imaaonicals ; 
and because three of the harmonicals cut th# line BM in 
three points, B, D, C, of harmonic section, therefore the 
fourth harmonic, LN, must pass through M, the extremity 
of BM (22d Ex., Cor.) ; consequently the points L, M, N, 
are in one straight line.* 

* Tb« oolj dwooiMtratko that I have Men of (hia ibeorem la iaeoi^ 
reft, a* tt aatumea 0LN to be a triangle, vhieH Unplkativ ^Tvrmr 
LMN to be a atralgbt line. 
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Bcbouvu* — ^Tbe proposition! stated in tiie enimotations 
of this and the prec^ii^ exercise are true, when the point 
ts taken without the triangle. 


SXBBCIBX XXV. — raoBLRif. 


To draw a straight line so that the part of it intercepted 
l>etween one side of a given isosceles triangle and the othw 
aide produced, shall be equal to a given line, and he bi- 
sectea by the base. 


liOt ABC be the given isosceles triangle (first figure), 
and LM the given line ; to draw a line DE == LM, so that 
it may be bisected by AB. 


Draw AP, BP, perpendiculars to AC, BC, and PFper- 
pendicular to AB, bisect L31 in N, and find a line OP u 
fourth proportional 
to AF, LN, and 
PF, and from P, 
with radius PG, cut 
AB in G ; join PG, 
and draw DGE per- 
pendicular to PG, 
and DE is tlie re- 
quired line. 

For angles PAD, 

PGD, are right » v 

a^les, and hence ^ 

FD is the diameter of a circle j^ing through the points 
ADGP; consequently angles PAG, PDG, are angles in 
the same segment of this cirdc, and therefore eoual (III. 
21); and otmsequently the triangles PAF, PDG, are 
similar, and therefore PP : FA =: PO : GD ; but PF : FA r= 
PG : LN, by construction ; consequoitly GD = LN. 



Now in the trkngles PAF, PDF, the angles at F are 
equal, being right angles, and those at A and B arc equal, 
being the complements of the equal angles CAB, CBA, 



tTEY TO PLAKB WHOmmiY. 


7 ^ 

wmA the tide FF is common to both ; hence the triangles 
are everyway o^l (I. 26) ; therelbre AF = S®. 

Again^ angteo PGE, PBI^ being right angles are equal ; 
hence PE is the diameter of a circle paesing tbrongh the 
pwnts Py G, B, and £ ; and hence angles PBG, P£G^ would 
DO in the same segment of this drde^ and are consequently 
^uid (111. 21} ; hence the two triangles PG£» P£^ are 
similar ; 

and therefore PF ; FB=PG: OE; but PF : FB PG.LN 
by construction^ since AF us FB ; therefore DG = LN = 
GE. 

The same proof applies exactly to the second case, repre- 
sented by tbe second figure ; that is, when FG is greater 
than PB or PA, and the line DGE must be drawn without 
the triangle ; only in this case angle PEG + PBG =s two 
right angles (III. 2^, and Plfip + PBG us two right 
angles ; wheretore PBF us PEG. 

Cor. — Any line PG being drawn from P to any point 
G in AB, and a line D£ £uwn perpendicular to it, the 
latter will be bisected. 

EXEBCISB XXVI. — PBOBLKII. 

Given the altitude, the vertical angle, and tbe sum or 
difference of the sides of a triangle ; to cmistruct it. 

Let LDH (first fi^re) be tbe vertical angle, LD us DM 
su half the sum of Uie sides, and DP ss P, the altitude of 
the triangle. 

From centre D, vrith radius DP, describe the are FSQ ; 
draw LAt 'HA, perpendicular to 
DL and DH ; ^om LH and AD. 

Find MN a thud proportional to 
and DP ; that is, 

M AB ; DP = DP : MN, or 
AB-MNssDP« ... P3 
and then find t)ie point F in 
AD, eo that DF may be a third 
praiorttonal to AF and MN (li. 

Ex. 14); thahk, ii m 

let AF.DFusDF;MN,or AF MKsuDi* ... 00 
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next find a fina AO a mean proportionai betweai AB aad 
AF;l)iat%iodi8l * 

AB:AO=sAO:AF,of AB-AFsrAO* m 
itoi draw AG firam A^ to as to terminate in the line Ltl ; 
join GF. and ptodoce GF bc^ wajs to I and K, and IGK 
win he tiie re^iired triangle* 

For ^ triangles ADL, ADH, bare the side DLsr 
DH« and AD common, aim the angli» at L and H rkht 
angles ; hence (I. 0 are evcrywaj equal ; tberemre 
angle DAL a DAH* Agaiiiy the triangles ABL, ABH, 
hare the side AL AH, and AB common, and the angle 
BAL ss BAH ; these triangles are eretpray eoM 

(L 4) ; conseqneittfy the angles at B are rig^t ancles. Now 
bj the tnaiigi» ABG, AGF, most simiW, as the 
sides abonl th^ common angle BAG are proportional 

t Vl. 5 hance an^ AGF = ABG =r a right angle, 

ience, if D£ be a perpendicntar on IK, the triangles AGF, 
DBF, are rimilar, the rertical angles at F being equal, and 
the rkht angles at G and £ ; 
thei^ AF:AG = DF:DE .. [41 
But AF»: AG* = AF; AB (VL 8, and SO, Cor. 2 and 3 ) ; 
or AF* : AO* = AF • MN : AB • MN, considering AF, AB, 
as the bases, and MN as the altitude of these two reel- 
angles (VLl); 

hmioe AF*:AG*=:DP:DFbyr23andmahore; 
or AF: AO s= DF: DP (VI. SS, Cor.) 

But AF: AG = DF: D£ V (4) abore ; 
hence DF: DP = DF ; DE, and DE = DP (V. 14). 
Ckimqueiri^ DE is a radios of D£Q ; and beinc per* 
pendkular to I1C, tbe triangle DIK has the giren attitude 
ssDP* 

Agsiiiy iteee IK is perpendicular to AG, riierdbre it is 
hise^ed,and coiisequentivIL:;=KH (Ex. 25, Cor.) ; there* 
tee ID +DK = DL-hlL+DH—KH 2 = DL+DH = 
amn of sides ; and IDK is tlm prm rertksa! ang^ ; cmiiO- 
quentij IDH is the required tnan^ 

The seeoiSdcaieis, when tediffereiicei^ the sides are 
gireii hialMid the sum. In iAih ca^ IDK in the second 
igiOEe is tibe i^stn mrtieal an^aa in the first case; but 
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ilm itotodes tmnglie LDH has for its reitical angle the 
iMIgleLDH *^1^ 
fiient^ to IDK| 
and tta sidet DL, 

DH^ are each half 
the difference of the 
iidet. AG is found 
a» m the first case, 
the point F here 
being the intcrscc- 
tkm of AD and IK, as in the first case; and it can be 
proTed here also (see 2d case of 25th Ex. and Cor.) that 
IG rs GK, and IL = KH = DK + DH ; wbenee 
DI — DL = DK + DH, or DI = DK + DL + DH ; 
whence DI exceeds DK by DL -f* DH, or hy the ^fference 
of the sides. The rest of the proof is the same as in the 
first case. Hence the triangle IDK has the giren Terti<^ 
angle, the giren altitude DE =; DP, and the given differ* 
ence of sides ; it is therefore the required trian^e. 



EXER<?I8B xxvn. — ^FBOBLKM. 

Given the hose, the altitude, and the sum or difference 
of the sides of a triangle ; to construct it 


Let AB be th^ base, II the altitude, and AC the sum of 
the sides of a tri^gle ; to construct it 

From A as a centre, with the radius AC, describe an arc 
CFQ of a cirde ; draw 


BD fK^rpendicular to 
AB,and make BE, ED, 
each = H ; find Ia t!te 
centre of a circle BDF 
tondiing the arc CF in 
F, and passing through 
the noiiits B, D (III. 
Ex. i4) ; join its centre 
L with A and B, and 
ABL is the required 
triai^le. 



For if PE he drawn perpendicular to BD, it wiB he a 
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chord of the drde DFB (III. 3^ therefbre the 

oeotre li of this ciide will lie in PB ; end AL produced 
mutt pest through the point of contact F (III. II); eoeie- 
^uently AI^ is e straight Itne^ and =: AC ; but AL 4* 

= AL + LP ; hence AL + LB = AC. Again, diioe PE 
and AB are both perpendicular to BD, they are pendlel 
(L ; hence (I. 34, Cor. 1) the altitude of the triangle 
is rs BE == H. ABL is therefore the required triangle* 

When the difference of the sides is given instead of the 
sum, the construction is siiiiilar. 

Let AO be the difference of the stde% and firom the 
centre A, with the radius AG, describe the arc GICN; 
draw BB and PE, o$ in the preceding case, and describe 
a circle PBD through the points B, D, and touching the arc 
OKN in K ; and its centre L will be the vertex of the tri- 
angle, and ABL the required tnangle. 

For the line AL, jaining the centres, will pass tlirough 
K ; hence AK = AL— LK = AL— IJB, or AL — LB == 
AG. Hence ABL has the given base, tbc given height, 
and the difference of its sides equal to given difference ; 
it is therefore the required triangle. 


BXSBCESS XXVIII. — PBOBtXM. 


The altitude, the <lifr<T<*nce of the angles at the base, and 
either the sum or difference of the sides of a triangle Wng 
given ; to construct it. 


H be the altitude of the triangle, V the difference d 
the angto at the base, and S the sum of the sides ; to con^ 
struct Bie triangle. 

Cfmstnict, by the 26th Exerdie, the triangle ACD 
having a vertical angle ACD 
= V, aa altitude CE = H, 
and the sum of its sides AO, 

CD =r 8 ; produce A£ to B, till 
£B sr ED, and ^tn BC ; then 
ABC is the required tnan^e. 

For the triangles CED, 
have the ndee CE, ED, respec- 
tively equal to CE, EB, and 
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tbe mi^ku at £ are eq^ ; hence (I. 4) the triangles are 
eYenrway equal, and tnerefore CD = CB, and anpe B = 
ODE> Now angle CDE = A *4- ACD ; therefore ACD is 
^e difference between CDE and A, or between B and A ; 
tlmt it, it is s: to y . Also AC-f CB =r AC -f CD = 8. The 
trianfl^ ABC, therefore, hat the giTen altitude, the sum of 
its sioet equal to a given line, and the difference between 
the angles at its base equal to a given angle ; it is therefore 
the required triangle. 

When the difference D between the sides is given instead 
of their sura ; construct the triangle ACD so as to satisfy 
the conditions by the 26th Exercise, then construct the tri- 
angle ABC as in the preceding case ; then since AC — CD 
== D, and AC CD = AC — CB, therefore AC — CB =l 
D j and consequently ABC is the required triangle. 

KXSnClSE XXIX.^ — PBOBLBM. 

The altitude, the difference of the segments of the base, 
and either the sum or difference of the two sides of a tri- 
angle, are given ; to construct it. 

Let H be the altitude, D the difference of the segments 
of the base, and S the sum of the sides of a triangle ; to 
construct it 

Construct, by the 27lh Exercise, the triangle ACD (fig. 
to last Ex.), having a base AD = D, an altitude CE H, 
and the sum of its sides AC, CD =: S ; then complete 
the triangle ABC, as in the last Exercise, and tl is the 
required triangle. 

Fm: it was proved, in the preceding Exercise, that s= 
CD, and hence AC + CB =r AC -f CD ; but AO+®t> = 
8; therefore A0ri-CB = 8; also AD=:AE— ED = 
AJE-— EB. Hence the triangle ABC has the given alti- 
tude, the difference of the 8^;ment8 of its base equal to a 
given Hne D, and the sum of its sides equal to B. 

When the difference of the sides D is given instead of 
thmr sum, construct the triangle ACD by the same Exer* 
rise, namriy, the 27th (second caseX vaa com|dete tlie tri- 
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angle ABC ; and it can be ahowii^ as in the first caieibove» 
that ABO is the requited triangle. 

EKIBCISB XXX^ — PBOBtKX. 

OiTen the altitude, the Tertical angle, and the perimeter 
of a triangle ; to construct it. 

Let ACB be the given vertical angle, AC, CB, each equal 
to the semi-perimeter, and CD the altitude ; to construct 
the triangle. 

Draw O A, OB, from A and B perpendicular respectively 
to AC and ; from C as a centre, with the ramus CD, 
dcscri>>e the arc DIE, and from O, with the radius OA, 
describe the arc AKB ; draw FKIG a common tangent to 
these two arcs (IV. Exercise 7)» K and I being the points 
of contact ; then FCG is the required triangle. 




GEOMETRICAL MAXIMA AND MINIMA. 


EXBRCI8B I. PROBLEM. 


A Stradgbt line and two points without it being gtTen, to 
imd a point in it tudi that the sum of the lines drawn from 
it to the giren points shall be a minimum. 


IM P, Q, be the given points, and AB the given line ; 
to find a point, as C, in AB such that PC 4* OQ shall be 
the least possible. 



Draw BQ perpendicular to AB, and produce QB till 
BD = BQ ; join DP, and C is the re- p 
quired noint. 

For join CQ ; then in the two tri- 
angles BCQ, BCD, the side BD = 

B<^ and BO is common to both, and 
the angles at B are equal, being right; 
consequently (I. 4) the triangles are 
everyway equiu ; and therefore CD = 

OQ, and PC -f- CQ rr PC 4- = PD. Now if any other 
noiiit, as E, be taken in AB, and £Q, £D, be joined, it can 
be proved, in the same manner, that tlte triangles B£Q, 
BED, are everyway equal ; and hence EQ z=: ED. Hence 
PE4-E(i=:PE4-ED; hut (I. 20) PE4-ED is greato 
tiliaii FD, which is equal to PC 4- CQ ; cons^uentfy 
PE 4- EQ *» ^ *4" suaSiriy lie 

proved that PC 4* CQ is less than the sum of the distimoes 

any oiher point in AB from P and Q ; hence PO CQ 
is a notnimum. 


SXSRCl&B II. THEOBRIf. 

If an eccentric point be taken in the diameter of a drde, 
of all the chords pasung through this point, that is the frost 
which is perpimdicufrr to the ammeter. 

B be an eco»itiie p<^t in the diameter IfN sf a 
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circle^ then of all the chords passing through that which 
is perpendicular to MN, naxn^j^ is the least. 

For draw through R any other chord ST, and from the 
centre O draw O V perp^dloolar to ST ; 
then in the right-angled triangle DRY, 
the hypotenuse OR is spreatcr than the 
side O V ; consequently (fll. 15) the chord 
is hn than ST. In the same way 
it can be prored that PQ is less than 
any other chord passing through R; hence PQ is a 
rniniinum. 



SXSBOtSlt Iltv — tREOABM. 

Of all triangles thsd hare the same yertical angle, and 
whose bases past through a given {toint, that whose b^ it 
bisected by the point is a minimum. 

Let ACB be the given vertical angle of triangles whose 
bases paw through a given point P, and let All, the base 
of the triangle ABC, oe biswted in that point, then ABC 
is the least of all the triangles. 

For let DCE he another triangle, and through B draw 
BF parallel to AC ; then in the triangles APD, BPF, the 
vertK»d angles at P are equal, and the 
alternate a^es A and PBF are also 
equal, and side AP =: PB ; con* 
seqnendy the triangles are everyway 
equal, and therefore their areas are 
so; hence triangle PBE it greater 
than APD. To each of these unequal 
tfiaa^es add the ouadrilataral CIIPB, and the first sum, 
namdy, liie triangle CDBl, is greater than tlie other sum, 
namely, the trian^e ABC. The same can he proved of the 
triangle ABC, and any other whose vertical angle is C, and 
whose base passes through P ; hence ABC is a minimum* 

BXBBCISB IV* — THIOBBM. 

The sum of the four lines drawn to the angular points of 
any qiiadh0ateml ficom the intersectioii of the diagmuds, is 
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tefts liiaii that ai^f lOther four lines simlarly drawn from 
any other point. ^ 

Let the diagonals AC, BD, of the quadrilateral ABCD 
intersect in E, and let F be any other point ; then AP -f 
FB -f PC + FD is greater than AE + EB + EC + ED. 
For in the triangle AFC, AF + FC is greater than AC 
20) ; and similarly in triangle 
BFD, BF -f FD is greater than BD ; 
consequently AF + FC + BF + FD 
is greater than AC + BD ; that is, 
than AE + EB -f EC + ED. It can 
be similarly proved that the sum of ^ 
the lines drawn from E to the angular points, is less than 
the sum of the distances of any other point from them ; 
hence the sum of the distances of £ from the angular points 
is a minimum. 



EXERCISK V. — PROBLEM. 

To find a point in a given line, such that the difference 
of the lines drawn to it from two given points may be a 
maximum. 

AB be a given line, and P, Q, two given |>omt8; it 
is required to find in AB a point such that the difference 
of its distances from P and Q may be a maximum. 

Join PQ, and produce PQ to meet AB in R, and B is 
the required point. 

For take any point A in AB ; join AP, AQ^ and in the 
line AQ cut off AC =: AP, and join PC. Then (L 6) in 
the triangle APC the angles at P P 

and C are equal, and therefore n 

each less than a right angle ( 1 . 1 7 ) ; / 

consequently angle PCQ is obtuse / 

(I. IS, Cor.); and therefore the 
side PQ of the triangle PCQ mu^ A B R 

be greater than the side €Q. But PQ is the difference 
between Pli and QR, and CQ is the difference betsreen 
AP and AQ ; hence the diffisr^oe of the distancee of R 
firom F and Q exceeds the differoace of the distsaness of 
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mj point, as A, Bt>m P and Q ; eonaeqnently PQ k a 
maximam, and R is the required point 

When the point A is such that AP =: AQ, it is manifest 
that A is not the required point 

When AP is greater than AQ^ interchange the letters 
P and 0, and the same proof will apply. 


BX&SU:i8X VI,-— PBOaLKM, 


A straight line, and two points on the same side of it, 
Wing given, to find a point in it such that the angle con- 
tained by lines drawn uom it to the given points shall be a 
maximum. 


Let P, 0, be tlie ^ven points, and MN the given line; 
to find a point T in that line such that angle P'fQ shall 
greater than any other angle PM(i formed nt any other 
point in MN, by lines drawn to it from P and Q. 

Join PQ, and describe (IV, Exercise 9th) through the 
points P, Q, a circle touching the line MN, 
and the point of contact T is the required 
point. 

For draw PT, QT, and in MN take 
any other point M, and join MP and 
RQ. Then angle PRQ = PTQ (III. 22) ; 
but PRQ is gmter than PMQ (I. 16) ; 
consequently I^Q is also greater than PMQ. It is simi- 
larly proved that I^Q exceeds any other angle formed at 
any point in MN by lines drawn from it to P and Q ; 
therefore PTQ b a maximum. 



SXERCfSS VII, — thkohem. 

Thefum of two lines drawn fiom two given points to a 
pmnt in the circumference of a given cirde, is iMt when 
they are equally inclined to the radius or the tangent 
drawn to that point. 

Let E, F, be the given points, and IXIK the given circle ; 
any two EG, QF, d^wn to a point O in tlie circom- 
fetenee, sndh that tWy make equal ai^ks with the radius 
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OO, are together !em than the tnm of £K, KF, drawn to 
asiy other point K of the drcamference. 

For join IF^ md draw the tangent MGI. Tlien because 
EG» QF« make equal angles with GO, 
angle EGO = FGO ; from these angles 
take away respectively the right angles 
OGM» Cfel, and the remaining angles 
EGH 9 FGI, must he equal. Since, then, 

EG, GF, make equal angles with MI, 
they are together less than the lines £ 1 , 

IF, drawn to" I ( 1 st Exercise); hnt KI 
and KF are greater than IF ; to each add 
IE ; therefore FK and KE are jmater 
than IF and IE ; hut EG and GF are less than El and 
IF ; consequently EG and GF are still less than EK and 
KF. The same can be proved wherever K is taken in the 
circumference ; hence EG GF is a minimum. 

EXERCISE VIII. — PROBLEM. 

Given three points ; to find a fourth such that the tarn 
of its distance! ttota the given points shall be a minimum. 

Let E, O, F, be three points; to find a fourth G such 
that the sum of its distanoes EG, FO, and OG, from the 
three given pointSi shall be a minimam. 

Let OG be the distance of the required point from O, 
whatevar that may he, and describe the arc IIGI, with 
radius OG and centre 0 ; then the re- O 

quired point must lie in the arc HGI, 
and the sum of the other two lines EG, 

GF, must therefore be a minimum. 

But this is the case (last Exercise) 
when they make equal angles with the 
i«4iusOG; that IS, angle CKjlEzrOGF. ^ ^ 

In the same manner, by describing an arc from E as a 
centre, and with a mditis equal to the assumed dktaiioe itf 
the required point O, it can be p^ed that OG and OF 
must make equal an^es with £u. Ckmsequ^%, wimn 
the three anises at G are eqnal, the sum ef U||I tl^hnse 
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BO, FO, and OG, is a minimum. Sinae the three an|;le8 
are equal, each of them must be the third part of four right 
aoglea, or equal to a right angle with the third of a rirat 
angle ; therefore, if on any two of the three lines EF, TO, 
OE, joining the points, segments of circles be described, 
each containing an angle equal to the third part of four 
right angles, that is, equal to double one of the angles 
of an equilateral triangle, they will intersect each other in 
the required point G. 


PLANE LOCI. 

BXKRCISB 1. — PROBLEM. 

To find the locus of the vertices of all the triangles that 
have the same base and one of tlieir sides of a given 
length. 

Let AB he the given base, and the line L the given 
length of one of the sides of a triangle ; to find tlie locus of 
Hs vertex. . 

Frotn A as a centre, with the radius AD = L, detcrihe 
the arc DCE, and it is the required locus. 

For take any point C in the arc, and join CB ; then the 
triangle ABC has the given k 
base AB, and one of its sides / 

AC equ^ to the given line 
L ; hence the point C is the 
vertex of a tri^gle fulfilling 
the assigned cosuhtions of the 
prcdilem. It can he tmukrly 
proved that any other point in the aorc is also the vertex of 
a triangjfe satisfying the giveii conditions ; consequently the 
ate Due is the required locus. 

; w — moBtm, 

find the locus of a point that is at equal distances from 

two gsvsM psiutSi. 




KXX TO PLANS tatOXETRT. 


Let £9 F, be the two giren points ; it is required to dud 
tbe locus of all tbe points that are equi- 
distant from £ and F. 

Join EF, and bisect it perpendicularly by 
PL and this line is tbe required locus. 

For take any point G in IP, and Join EG, 

GF, Then in the two triangles EIG, FIG, 
the side El = IF, and IG is common, and 
the angles at I are right ; hence (I. 4) the 
triangles are everyway equal, and therefore 
EG r= GF. Now, O is any point in IP ; hence IP is the 
required locus. 



BXERC18B in. — ^PBOBLBM. 

To dnd the locus of a point that is equally distant from 
two given lines, either parallel, of incline to one anoth^. 

Let AC, AB, be the given lines ; it is required to find 
the locus of all the points that are equidistant from these 
lines. 

Bisect the angle BAG by the line AD, and it is the re- 
quired locus. 

For from any point 0 in AD draw the perpendiculars 
OE, OF, and it can be proved (Book 
I. ]^. 8) that OE == OP ; and there- 
fore the point O is equidistant from 
the two given lines AB, AC ; the 
same can be similarly proved of any ^ 
other point in AD ; therefore AD is 
the required locus. y B 

When the given lines are parallel, draw a Ime perpan- 
dkular to one of them, and it will be pcrpeadiciilar to the 
other (L 29) ; then through the mlddm of thisjperpendi- 
odar draw a line parallel to the i^vea lines, and it is tlie 
required locus. 

For every point in the middle parallel is equidistant front 
each of tbe given parallels (1. 34, Cor. 1 ) ; and 
|>oint in it, namely, the middle of the above 
18 equidistant from the panics, theiefoiieray] 





/ rum Loa. 


in it is equidistant fn>iii them both; it is therefinm th# 
required locus. 


EXERCISE IV. — PBOBLBM. 

To find the locus of the vertices of all the triangles that 
have the same base and equal altitudes. 

I-^t MN be the OTven base, and A the given altitude of 
a triangle ; to find the locus of its vertex. 

Draw MP perp^dicuiar to MN, and make it =: A, and 
through P draw PQ parallel to MN ; and PQ is the re- 
quirea locus. 

For in PQ take any point V, and join MV and NV ; 
then fl. 34, Cor, 1) a perpendi- 
fnilar from V on MN would l>e = 

MP = A ; and consequently, what- 
ever point V is taken in PQ, the 
triangle thus formed has the given 
l^ase and the given altitude ; there- 
fore PQ is the required locus of the 
Tertices. 



EXERCISE V.^ — ^EBOBLEM. 


To find the locus of the vertices of all the triangles that 
have the same base and one of the angles at the base the 
same. 


l«t AB be tbe given base of tbe triangles, and let one 
of the angles at the base be equal to the given angle V ; 
to find the locus of the vertices. 


Draw a line AD, making with AB 
an anj^ A ss V, and AD is the re- 
quned k>cns. 

^ For take any point C in AD, and 
jm ; Uioi the trian^ ABC has 
the base AB, and an angle A 
at m base equal to the given angle 
y ; and the itee can be proved 
the point C is taken in 
AD; tfw ff fee i AD it the required locus. 
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EXERCISE VI. PROBLEM. 


To find the locus of the anp^lar point opposite to the 
hypotenuse of till the right-angled triangles that have the 
same hypotenuse. 


I..et AC he the given hypotenuse; to find the locus of 
the angular point of the right angle of nil the right-angled 
triangles that can be constructed on AC. 

On AC ns a diameter describe the semicircle ADC, and 
it is the required locus. 

For in tlu' circumference take any point D, and join AD, 

DC; then (III. 'll) migle D is a right t> 

angle; consc'quently the triangle ADC is 
right-angh‘d, and it has the given hypo- 
tenuse At-; (he same can he proved 
wherever the ]>oint D is taken in the cir- 
cumference ; hence the arc ADC is the required locus. 



EXERCISE vn. PROBLEM. 

To find the locus of the vertices of all the triangles that 
have the Siinie base and crpial vertical angles. 

liCt AB be the given base, and G the given vertical angle 
of a triangle ; to find the locus of its vertex. 

On AB describe a circular segment AlIB, containing an 
angle eciual to given angle G (III. 33); 
ana the arc AliB is the required locus. 

For the triangle ABII has the given 
base AB, and its vertical angle U is equal 
to the given angle G ; the same can be proved if II were 
any otlier j)<)int in the arc AHB; it is therefore the re- 
quirtHi locus. 



EXERCISE Vin. — PROBLEM. 

To find the locus of the vertices of all the triangles that 
have the same base and equal areas. 

I.et BC be the given base, and the area of the triangle 
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ABC the given area; to find the locus of the vertices of 
triangles that have tlie same base and area. 

Through A draw KF parallel to BC, and it is the re- 
quired locus. ^ ,, y 

For in EF take any point 1), and join 
Bl), Cl) ; then the area of triangle BCD j ^ 

is equal to that of ABC, and it has also , i 

the given base BC ; since the same can ® 

he proved wherever the vertex 1) is taken in the line EF; 
therefore it is tlie required locus. 

If the given area is that of any given rectilineal figure, 
it can l)e reduced to a parallelogram hy J. 45, and the pa- 
rallelogram thus found <*:in he applied to lialf of the given 
base BC by I. 44 ; and then any triangle ABC being c<»n- 
strueted on liC, having an altitude iqiial to that of the 
puralltdogram, will be eciual to the given urea (1. 41). 


KXKRCISK IX. — rnoni.KM. 


To find the locus of the vertices of all triangles that have 
the same base, and the sum of the s(|uares of their sides 
equal to a given square. 


Let AB be the given base, and S the side of a square to 
which the sum of the squares of the two sides of each tri- 
angle must be equal ; it is required to hud the locus of the 
vertices of all the triangles that liave AB for a base, and 
the sum of tlie squares of their two sides equal to the 
square on 8. 


Bisect AB in I), and then find a line O equal to the 
diagonal of a square of which AD is tiie side (I. 4<i) ; next 
find a line H whose square is equal 
to the difference between the squitres 
of S and G ; and then find a line 
CD equal to the side of a square of 
which H is the diagonal ; which is 
done by describing on 11, as a base, 
a triangle having each of the iuigles 
at the base half a right angle (sf^c 
fig. to Prop, K of Book \\ where : 
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AC i« the diagonal of a square, and AB, BC, the sides) ; 
and lastly, from D as a centre, with the radius CD, descril>e 
the semicircle ECF, and it is the required locus. 

For ACa -f CB^ = 2 AD» -{- 2CD^ (II. A) ; 
and 2AD2 -G" (I. 4(> and 47); 

also 2C])* = 1B; 

consequently AC^ -f CB^ rr G^ 4* 

But II* == — G*, and adding G^ to these equals, 

G^^-IPtrrS*; 

hence also AC* -|- CB* = S*. 

Therefore the sum of the squares of the sides of the tri- 
angle ABC is equal to the given square of 8, and it has 
the given base ; jmd since the same can he similarly proved 
wherever the point C is assumed in the arc ECF ; therefore 
it is the required locus. 

KXKIICISK X. — rnoiiLEM. 

If straight lines drawn from a given point to a given line 
he rut in a given ratio, to find the locus of the point of 
section. 

L('t B he a given point, AB a given line, and ^I, N, two 
lines in a given ratio ; to find the locus of the |K)int of 
section of lines drawn from I* to AC, when they are divided 
in the given ratio. 

Draw any line PA from P to AB, and cut it in D in the 

f iven ratio ; that is, so that 
‘D : DA = M : N ; through D 
draw DE parallel to AB, and 
it is the required locus. 

For in DE Uike any point E ; 
join PE, and pro<luce PE to C ; 
then since DK is parallel to AC, 
therefore (VI. 2) 

PD:DA=::PE:EC; 

but IT) : DA = M : X by construction ; 
hence PE : EC = M : N by equal ratios (V. 11); 
and ns E is any point in DE, therefore DE is evidently the 
required locus. 


V . 
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EXERCISE XI. PROHLEM. 

To find the locus of the vortices of all the trianjjlos tiiat 
liare the same base and the ratios of their sides e<|uul. 

IvOt FE he the base of the triangle, and let it ht* cut in A, 
so that FA : AH is the ratio of the sides (VI. 10). 

Produce FD to C, so that FC : CE may =: FA : AE (VI 
I A. 5) ; on AC as a diameter 
tlcscribe the circle ABC, and it is 
the required locus. 

For, hy construction, FC:CE 
= FA : AE ; 
hence, hy alternation, FC : FA rrr (’E: AE ; 
hv mixing {V. (i), FC -f I' A : FC — FA CE -f 
CE — AE; 

or 2r)F:2Al)==2AI):2I)i:; 

wherefore (V. la) 1)F: AD rr AD:I>E; 

hence (VI. IfJ) ED* DF = Al)». 

It can therefore be proved, exactly as in Prop. F Book 
VI., that FB:BE = FA:AE; 

that is, the ratio of the sides is the given ratio of FA :AE; 
and as Bis any jwint in the circumference of the circle 
ABC, therefore it is the required loeus. 



EXERCISE XII. THKOREtf. 

If a straight line drawn from a given point, and termi- 
nating in the circumference of a given circle, I)e cut in a 
given ratio, the locus of the point of section is also tlic cir- 
cumference of a given circle. 

Let AKE be a given circle, P a given point, and PA 
any line drawn from F, and terminating in the circumfer- 
ence AKE of the given circle; let PA W cut in B, so that 
PA : PB in a given ratio ; then the locus of the point D is 
also a circle. 

For join A and the centre C of the given circle ; draw 

o 



94 


KEY TO PLANE GEOMETRY. 


PCK through the centre C, and BD parallel to AC ; then a 
circle described from 
D tifl a centre, with 
radius DB, is the re- 
rjuired locus BCiF. 

For (VI. 4) I’A: i‘ 

BBzr AC:BI); 
wherefore AC ; BD is 
the given ratio ; and 
if any other point K be taken in the circumference of the 
circle AKF, and the radius CE l>e drawn, and 1)F parallel 
to it, the line joining 1* and E, namely, PK, will pass 
through h\ 

For VI) : VC rr DB:CA ; 

therefore JM ) : P( ’ “ I )F ; ( ’K. 

jNiiW, if PE cut DF in any other point than l\ namely, F' 

(not shown in the hgun^) ; then, siioM* in the triangles 

l*I>F', P(^]% the angles at I) and (' are equal (1. ilP), and 

]* is common, tlnw are cfjuiangulnr ; 

and consc(|uently IM) : PC rr DF' : Ch> ; 

u hence I ) F : ( H / rr D F' ; C I ! : 

and tlierefore DF rr DF', or the point V coincides with F. 

Now K is any point in the <ircumterence AK!'; wherc- 

lore BOF is the required locus. 

EXFUCISK XIII. — THIOHF.M. 

If one of the extremities of straight lines drawn through 
a given [>oint be terminated in a given straight line, and 
their other extremities be determined, so that the rectangle 
under the segments of each line is equal to a given rect- 
angle, the locus of these extremities will he the circum- 
ference of a circle ; and if one of the extremities l>e 
terminateil in the circumference of a circle, the locus of the 
other extremities is a straight line. 

I/et A l>e the given point, and F.F the given line ; then 
if anv line, ns BF, he terminated at one extremity F in the 
line EF, and if the rectangle BA • AF is to W equal to a 
given rectangle, namely, DA * AC ; then the locus of the 
point B will ^ a circle. 
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Lot DC be perpendicular to and on AC describe a 
circle ABC, and it is the required locus. 

For since FA • AB DA * AC, there- 
fore {VI. Bi) FA : DA = AC : AB ; hut 
angles DAF, BAC, are equal (1. 15); 
hence (VI. 5) the triangles ADF, AB(\ 
are similar, and hence angle ABC ri. 

ADF; but ADF is a right angle, con- 
sequently ABC is also a right angb*. 

But \^hatever he the direction of BF, the same can h<* 
proved; and as the angle in a S(‘mi< ircic is a right angh\ 
the point B will always lie in the circurnferenee of a semi- 
circle of which AC is the Isise ; eonsr'queiitly the circle 
ABC' is the required hx-us. 

Again, if the rectangle FA • AB is always r:z DA • AC, 
and if the extremity B of the line Bl' is terminated in tin* 
circumference of a (‘inle (tf which AC is tie* diameter, its 
other extremity F will he terminated in a straight line* KF, 
perpendicular to CD. 

J'or it ('an he proved, <’xactly as ahov(*, that the triangles 
ADI', ABC, are similar, and therefore angle ADF ABC ; 
but angle B is right (ill. .'ll) ; consequently angle ADF is 
a right angle. Whatever he the <ilrcction of the line Bb‘, 
it can he similarly proved that the si^le Dl' is perpendi- 
cular to AD; consequently the locus of F is the btraight 
line FF. 

Whaterer rectangle is given, if M and N are its sides, 
then, ii-ssuming AD f</r one hide of anotlier equal reet- 
ancle, the side AC can then he found (VI. lii, and 
Vf. 1(5). 


P 0 R I S M S. 

EXERCISE I. RROilLEM. 

Two points bein^ given, to find a third, through whieh 
any strajight line being drawn, the j>erpendiculars u[»on it 
from the two given points sliall W e<|ual. 

I.,et M, N, be the given points, to find a third, as (I, 




00 


KEY TO PLANE GEOMETRY. 


through which anr line XY being drawn, the perpendi- 
culars MK, NS, drawn upon it from M and N may be 
equal 

Join MN, and bisect MN in 0, and 0 is the required 
point. 

For draw any line XY through O, and the perpendi- 
culars MU, NS, upon it. Then m 
the two triangles MOU, NOS, the 
angles at 0 are equal (I. 15), and 
the angles at U and S are also equal, 
l>eing right, and the side MO = ON 
hy construction; hence (I. 26) the 
triangles are ereii’wuy eqind, and 
therefore MR = NS. The same 
can be proved of the perpemliculars 
from M and N on any other line through O ; hence it is 
the required point. 



i: X K RC I S K II . V RO B 1. E M . 

Three points being given, to find a fourth, through which 
any straight line being drawn, the sum of the perpendi- 
culars upon it from two of the given points on one side of 
it, shall be equal to the perpendicular on it from the third 
point. 

Tx‘t A, B, C, be three points, to find a fourth E, through 
which if any line GH l>e drawn, the sura of the jf>erpenai- 
eulars AG, CH, from the two jM>ints on one side of it, shall 
he equal to the perpendicular BF from the point on tlie 
other side of it. 

Bisect AB in D, join Cl>, and cut CD in E, so that 
CE : ED = 2:1, and E is the re- 
quired point 

For draw AL parallel to GlI, and 
draw DI perpendicular to GH, and 
p^uce BF and DI to L and K. ^ 

Then by similar triangles ABI.^ 

ADK, ’AB:AD=:BL:I)K; iV 
but AB = 2 AD, therefore BE = 

2 DK ; and taking FL = IK from both these equals, tliere- 
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fore BF = 2 DI + IK = 2 DI + AG, for IK = AG (1. 34). 
Again, since CEIT, DEI, are similar triangles, 

EC:KD = 0H:1)I; 

but, by construction, E(J rz: 2 El) ; hence ('II rr 2DI. 
]^»ut BF — 2 DI -j- AG ; therefore BF = ('ll -f A(i ; and 
therefore E is the required point. 

Con. — Hence the perpendiculnr drawn from tlie niid<lle of 
a given line on any line, is e<pial to half the sum or half the 
iiifforence of the perpendiculars from its extremities on the 
same line, according as the extreme perpendiculars arc on 
the same, or on different sides of the line. 

For AB being the given line, and (ill any (»(her line, it 
was shown that BE =r 2 I)K ; 
therefore BE — 2 FL = 2 DK~-2 IK ; 
or BF^FE = 2 1)I ; 

and since FI.. At J, hence BF — AG ”21)1. 

AV'Ihui the perpendiculars are all on one sidi? of the lie*', 
the proof is more simple. 


When there are four pnint.s given, to find tlieir rneeji 
distance (sec nuriark after the 2d Exercise in the FI. (Iv.) 


Let A, B, (.', D, be the four points; find E the p(*int of 
mean distance of A, B, G, as above; join EE>, and divide 


ED in F, so that DFrFEzr 
3:1; then F is the requin'd 
point. 

For draw anv lino IFX 
through F, and GH through 
R parallel to IN, and AG, BIj, 
ON, DM, and EK, |)erpendi- 
culars to these lines. Then, 



as above shown. Bit 4* ('H ^ AG ; 
hence, since IG, EK, Kl>, II N, are equfd, 

BR -f UL 4- CH 4- HN = AG 4- 2 EK ; 
or , BE 4- CN = AI 4 - IG 4 - 2 EK = AI 4- 3 EK, 
Now, from similar triangles DMF, KKF, 

DF : FErr DM :1:K; 


hut DF rr .3 FE bv construction ; hence DM r:: 3 EK. 


Consequently BE 4- G\ = AI 4 i 
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ki:y to plane geomethv. 


F is therefore the point of mean distance of A, B, C\ 
and 1). 

The demonstration may he similarly extended in succes- 
sion to five, six, or any number of points. 


EXKllCTSK III. — PROULKM. 


A straight line and a circle being given, to find a point 
such that the rectangle undtT the segments of any straigiit 
line drawn through it, and limited hy these, shall lie eipial 
to th<‘ reetangle eontaiiu'd hy the (‘xternal segnunt of a 
(liaimTer per[)endieular to the line, and produced to meet 
it, and tin* diameter itself. 


Ta't AB(‘ h(‘ tin' given eirt h*, and KFthe given line, and 
A(.’*Ar) the given rc'ctanglc, CD h< ing perjiendlcular to 

EF. 


The extremity of the diainetiT A is the retpiiri il point. 

For draw any line BAF through A, 
and limited hy the eirele and given line, 
and join BF. 'I'hen the triangles A I )F, ^ 

ABC, arc similar, as tiie opposite anglc.s \ ^ 

at A are equal, and tin* right angle at D T'^r 

is equal to B, an angle in the semicircle \ / 

AB(^; hence the triangles arc equian- ! 

gular, and consequently ' 

Al):AF rz AlC AC ; and hence (VI. IG) AB*AF = 
AD* AC; and since the same can he proved of any other 
line through A, limited hy the circle and given line, there- 
for© A is the required point. 


PLANE TIUGONOMETRV. 

EXERCISE I. — THEOREM. 

If in any triangle a |X’rpcndicular l>e drawn from the 
vertex upon the base, the segments of the base have tli© 
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same ratio ns the tangents of the parts into which the ver- 
tical angle is divichal. 


Ix‘t ABC he a triangle, and Cl) peq^cndicular to 
then AJ) : 1)B ~ tan ACD : tan BCl). e 

f'or (PI. Trig. l)('f. 4^) when (,T) is 
made radius, C being tin* centre, AD is 
the tangent of angh* ACD, and Dli is 
tangent of angle BCD ; luaiee (IM. d'llg. .'D a 
AD : DB rr: tan ACD : tan BCD. 


AB, 


K X K HC I SK 1 1 T I \ J :< t U 1-: M . 

Th(; base of a triangle is to tin* sum of its tv\o sides as 
the cosine of half tin* sum of the angles at llu' base t(» the 
cosine of half their (litVerenee. 

Let ABC he JU\y triangle, and BC its base ; then 
BC : liA -f AC =r co's I (B 4- C) : cos ^ (Ji ^ C). 

For it is proved in Prop. VI. i‘l. Trig., that angle ABC 
=.4(B4C’b KCB = ;,(C-B), 
and that lU) - BA -f AC. 

Now (PI. Trig. 5) in triangle / 

BCD, // 

BC : BD = sin D : sin BCD. i> ~ 

But DEC or AEC is the complement of 1), since DCE is a 
right angle (PI, Trig. Def. 8) ; ami angle JiCB is the ( om- 
plement of BCD, as it is its differenee from the right angh* 
1)CE ; consequentlv sin D :n cos DEC, and sin P>CD 
cos ECB ; 

therefore BC : BA *4 AC cos DEC : cos ECB. 

EXERCISE III. — THEOUEM. 

Tlie base of a triangle is to the difference of it* sidt g as 
the sine of half the sura of the angles at the base to sine of 
half tti€ir difference. 

Let ABC be any triangle of which BC in the has<‘, then 
BC:AB — ACmsin | (B4-C):iim i (B^C). 

♦ Tlii» b DefioHiun 4tli of I'iiaie Trijpronoioctr)'. 
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For it is proved, in the Gth Prop, of PI. Trig., that 
BE = AB — AC, ECB = 
i (C— B),and AECr:.i (B-f C); 
also (PI. Trig. Def. 2) BEC is 
the supplement of AEG; and 
tlierefore (PI. Trig. Cor. 3 to 
Def.) sin A EC’ rr sin BIX’. Now in triangle BCK 
(Prop. 5) BC : BE = sin BEC : sin BCE ; 

or BC : BE — sin AE(’ : sin BCE ; 

. that is, B(J : AB — AC = sin ^ (B C) : sin (C — B). 

EXKIICISK IV. THE0HKM. 

The ha.se of a triangle is to the difference of its segments 
as the sine of the vertical angle to the sine of the difference 
of the angles at the base. 

Let ABC be a triangle, AE tlie difference of the .seg- 
ments of the base, and ACE tlie difference of the angles 
uf the base, then 

AB : AE sin ACB : sin ACE, 

For let CD be perpendicular to AB, make DE DB, 
and join CE ; then (1. 4) the triangles 
CDB, CDF., are everj way equal, and 
therefore angle CED =: B. But CED 

A -f ACE; consequently angle ACE 
is the ditferenoe between CED and A, 
that is, between B and A ; or ACE 

— A. Now, in triangle ABC (Trig. Prop. V.) 

AB :AC=: sm ACB isin B; 

and in triangle ACI\ angle A EC is the supplement of 
(’ED ; and hence (PI. Trig. 3), sin AEC = sin CED or 
sin B ; also 

AE : AC = sin ACE : idn AEC or sin B ; 
whence, bv direct equality (V. 22, or Ad. V. 11), 

AB : A E = sin ACB : sin ACE ; 
but AE r= AD — ED = AD — DB = tlie difference between 
the segments of the base, and ACE B — A ; therefore 
AB j AD — DB =r sin ACB : *in (D — A). 
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EXERCISE V. — THEOREM. 


T 

I!!' 



Half the perimeter of a triangle is to its excess al>ove the 
base, as the cotangent of half cither of the angles at the 
Kase to the tangent of half the other angle. 

Let ABC be a triangle, then, if S=: ^ ( AB -f L(’ -f CA), 
S : S — AB =r cot A : tfin / 
or S : H — A B zr cot ^ B : tan , 

For (VI. K) CF or CF = S — AB - CM — AB, 
AK rn BI^ El) zz DL (VI. II), and 
MC = GK. 

Now, in triangle AOK, when AK 
is radius, GK is tan OAK ; therefore 
AK : GK zz radius : tun (iAK. 

So, in triangle BDL, wh<*n BL is ra- 
dius, BL : DL =z nidius : tan DBL, 

But AK zz BIj ; wherefore, hy direct 
equality (V. 22, or Ad. V. 11), 

GK : 1)1. zz tan GAK : tan DBL. ^ 

Now (VI. 11) DAL is the comjdernent of GAK, 
and hence (IVig. Def 8) tan GAK zz: cot DAL ; 
wherefore GK : DL zz cot DAL : tan DBL. 

But CiK zz GM, and DL z= DE ; also triangles 
CED, are similar ; 

wherefore (jK ; DL, or GiM : DE zz CM : CE ; 
hence CM : CE rz: cot DAL : tan DBI.. 

Again (Trig. Cor. 4 from Def) rot DAL ’ tan DAL zz K* : 
cot DBL tan DBL; whence (VI, l(i) 

oot DAI. : tan DBLzz cot DBl. : tan DAL ; 
and consequently also CM : CE zz cot DBl. : tan DAI.. 
Now, C.M zz S, CE = S— AB, DAL zz ^ A, and DBl. : 

wherefore 8 : S — AB rz: cot ^ A : tan ^ B ; 
and S ; S — AB zz cot ^ B : tan ^ A. 


C.MG, 


EXERCISE VI. THEOBEII. 


The exceuj of half the perimeter of a triangle al> 0 Te the 
let* side is to its excess above the greater, as the tangent of 
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half the greater angle at the base to the tangent of half 
the less. 


Let ABC he a triangle, then iS — BC : S — AC ™ 
tan ^ B : tm ^ A. 

For BK=:BXrr:CN-~BCr=:S~-BC (VI. 11); 
and AK rr: AM nr CM — AC rr c 

S — AC;a]Hoin triangles AC K, BGK, 
when OK is radius, AK, K B, are tan- >// \ 

gents of the angles A(»K, liCK, re- / V 

Kpectiv< l v, or cotangents of (iAK an<l 
OBK, tlu‘ conipleinents of the former ; /v k'' j L — 
lienee (i K : K B m radiu-s : <‘ot C HK, ^ \ ^ \ 

and (JK : AK — radius : cot <iAK ; ^ \ 

wluTefire, by direct (‘quality, o* ( 

BK : AK m cot ( J BK : cot C AK. 

But (VI. II) angle 1 )AIj is the complcno nt of CAK, and 
1)BL is that of CiBK ; heiH’e (Trig. lief. H) 

BK:AK ~tan!)BL:tanl)AL; 
or IS — BC ; iS — AC m tan i B : tan ^ A. 


K x F. H r I s !•: n . — t 1 1 eo a e m . 

In a right-angled triangh', radius is to the sine of double 
one of the acute angles as the 8<{uare of half the hypotenuse 
to the area of the triangle. 

Let A(^B lie a right-angled triangle, of which C is the 
right angle ; then, if AB he bisected in D, 

radius ; sin 2 A ~ AD^ : area of ABC. 

For join CI>, and dmw CE |wrpendicular to AB ; then 
it can lie proved, exactly as in Ex. 22 
of Book L, that CD = AD ; hence 
(1. r>) angle ACD - A ; hut (1. 32) 
angle CDE = A -f- ACD ; wherefore 
CDE 2 A. Now in triangle CDE, 
when CD is radius, CE is sin CDE ; 
wherefore CD : CE rr radius : sin CDE or sin 2 A. 

Now if CD, CE, be the bases of two rectangles, whose alti 
tudes are equal to AD, then (A’l. 1) 

Cl) : CE =: AD • CD : AD ' CE. 
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But AD CD rr AD^, and AD*(’K — aroa of triangle 
ABC ; wherefore, from equal ratios, 

radius : sin 2 A =: AD^ : area of A IU,\ 

K X i: U ( ' I S E V 1 1 1 . T n EO J I K \! . 

Ivarlius is to the tangent f>f half thf‘ vertical angle of a 
triangle, as the rectangle under half the geiinH'tdT and iis 
e:xcess lihove the base, to the area of the triangle. 

Let ABC he a triangle ; then, assuming r- half (he 
snni of its sides, 

Hi^lius ; tan .H • ~ S (S — AB) ; AB»( 

ABC denoting the aica of tho triangh*. 

For angle DCF ~ • <\ and w hm CF is radium, Ff) is 
tangent of angl«* D< ( Frig. Def. 1) ; 
hence radius : tan D(’10 r... ( 'F : FD. 

Now if ('F, FI), are (ho ha^<‘s of two 
rectangh's, of -tvliich ( hM i'. the alti- 
tude, then (VI. ] ) 

CF: FD m CM (’F;FD-C.\I. 

But ( VI. F) FI ) ( 'M trlanglo A B( 

CM (VI. K), and CF—S — Ali 
(VI. K ) ; n heretore 

CF: FD rr S(S— AB) : trianglo A BC ; 
and hence ra<lius : tan \ C rr N (S — AB) : AB('. 
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